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CHAPTER 4
Trigonometry

Section 4.1 Radian and Degree Measure

You should know the following basic facts about angles, their measurement, and their applications.

Types of Angles:

(a) Acute: Measure between 0° and 90°.

(b) Right: Measure 90°.

(c) Obtuse: Measure between 90° and 180°.

(d) Straight: Measure 180°.

« and B are complementary if « + 8 = 90°. They are supplementary if « + 8 = 180°.
Two angles in standard position that have the same terminal side are called coterminal angles.
To convert degrees to radians, use 1° = 7/180 radians.

To convert radians to degrees, use 1 radian = (180/7)°.

1’ = one minute = 1/60 of 1°.

1” = one second = 1/60 of 1’ = 1/3600 of 1°.

The length of a circular arc is s = r6 where 6 is measured in radians.

arc length _ s

Linear speed = ;
time t

Angular speed = 0/t = s/rt

Vocabulary Check

e NN Ut W e

. Trigonometry 2. angle

. coterminal 4. radian

. acute; obtuse 6. complementary; supplementary
. degree 8. linear

. angular 10. A = 3126

The angle shown is approximately
2 radians.

The angle shown is approximately
—4 radians.

R A

The angle shown is approximately
—3 radians.

The angle shown is approximately

5.5 radians.

o

The angle shown is approximately
6.5 radians.

The angle shown is approximately

1 radian.
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7. (a) Since 0 < %T <

;
(b) Since 7 < — < 2

5

T oT, .
—; — lies in Quadrant I.

Tm . .
; — lies in Quadrant III.

9. (a) Since —— < ——=<0: ——~ lies in Quadrant IV.

2

(b) Since —7m < —2 <

—g; —2 lies in Quadrant III.

3
11. (a) Since 7 < 3.5 < 777; 3.5 lies in Quadrant III.

(b) Sinceg < 2.25 < r; 2.25 lies in Quadrant II.

13. (a) o

2
b) —="

16. (a) 4 y

14. (a) — Tm

7 37 lla

8. (a) Since m < — <

8 2’ 8
37 97

(b) Since 7 < %T < 7,?

lies in Quadrant III.

lies in Quadrant III.

10. (a) Since —g < —1 < 0; —1 lies in Quadrant I'V.

117

(b) Since _3m < ——<

2 9

-, _Mm lies in Quadrant II.

9

3
12. (a) Since 777 < 6.02 < 27;6.02 lies in Quadrant IV.

3
(b) Since —777- < —4.25 < —ar; 4.25 lies in Quadrant II.

(b) sl

1N
J

(b) 7m

N

15. (a) %T

—_
N
‘?-l

(b) =3

\
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. ™ 197 ) 2
17. (a) Coterminal angles for s 18. (a) — + 27w = ' 19. (a) Coterminal angles for Y
T 137 T S 2 8
Z 4 2m=— g = -2 = =—
6 w 6 6 2 3 + 27 3
™ Ll 1l T 27 4
- — 2= - _a . =% _ 7
6 ™ 6 (b) 5 + 27 6 3 2 3
, Sm 11 23
(b) Coterminal angles for o _Tﬂ- — = _Tﬂ- (b) Coterminal angles for —
S 177 T 25
top=—o Zrop="0
6 6 2 T
5w T T 237
— =27 = —— — = 2= ——
6 6 2 T
20, (a) —2F 4 27 = 7 21. (a) Complement: — — = = 7
R 1 T - (@) Complement: — — = =
9w T T 27
44y == . _ L _ ="
2 2 Supplement: 7 3 3
21 28 3
b) ——c +27=—- (b) Complement: Not possible, i greater than T
15 15 4 2
2 327
15 27 = 15 Supplement: 7 — 777 = E
T w7 5w T
22. (a) Complement: CRRETIRET) 23. (a) Complement: > 1 =0.57
11 Suppl tam—1=214
Supplement: 7 — % = TZW uppement.

11
(b) Complement: Not possible, T; is greater than g

Supplement:

24. (a) Complement: Not possible, 3 is greater than g

117

12

T —

(b) Complement: Not possible, 2 is greater than g

Supplement: 7 — 2 = 1.14

w

12

25.

Supplement: 7 — 3 = 0.14

(b) Complement:

2

T 15=007

The angle shown is approximately 210°.

Supplement: 7 — 1.5 = 1.64

26.

The angle shown is approximately

120°.

27. 28.

The angle shown is approximately
—60°.

The angle shown is approximately
—330°.
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29, C 30. ::

The angle shown is approximately 10°.

The angle shown is approximately 165°.

31. (a) Since 90° < 130° < 180°, 130° lies in Quadrant II. 32. (a) Since 0° < 8.3° < 90°, 8.3° lies in Quadrant 1.
(b) Since 270° < 285° < 360°, 285° lies in Quadrant IV. (b) Since 180° < 257°30” < 270°,257° 30" lies in
Quadrant III.
33. (a) Since —180° < —132°50" < —90°, —132° 50’ 34. (a) Since —270° < —260° < —180°, —260° lies in
lies in Quadrant III. Quadrant IL.
(b) Since —360° < —336° < —270° —336° lies in (b) Since —90° < —3.4° < 0°, —3.4° lies in Quadrant IV.
Quadrant 1.
35. (a) 30° 36. (a) —270°

30°

x - x
N

(b) 150° (b) —120° ,
/{(’
V-—/—IZO"
37. (a) 405° 38. (a) —750°
A ()
NV N
(b) 480° (b) —600°

—600°

A-\At80°
X

[/
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39.

42.

44.

46.

48.

51.

54.

57.

59.

(a) Coterminal angles for 45° 40. (a) 120° + 360° = 480°
45° + 360° = 405° 120° — 360° = —240°
45° = 360° = —315° (b) —420° + 720° = 300°

(b) Coterminal angles for —36°
—36° + 360° = 324°
—36° — 360° = —396°

—420° + 360° = —60°

41. (a) Coterminal angles for 240°
240° + 360° = 600°
240° — 360° = —120°

(b) Coterminal angles for —180°
—180° + 360° = 180°
—180° — 360° = —540°

(a) —420° + 720° = 300° 43. (a) Complement: 90° — 18° = 72°
—420° + 360° = —60° Supplement: 180° — 18° = 162°

(b) 230° + 360° = 590° (b) Complement: Not possible, 115° is greater than 90°.
230° — 360° = —130° Supplement: 1180° — 115° = 65°

(a) Complement: 90° — 3° = 87° 45. (a) Complement: 90° — 79° = 11°
Supplement: 180° — 3° = 177° Supplement: 180° — 79° = 101°

(b) Complement: 90° — 64° = 26° (b) Complement: Not possible, 150° is greater than 90°.
Supplement: 180° — 64° = 116° Supplement: 180° — 150° = 30°

(a) Complement: Not possible, 130° is greater than 90°. 47. (a) 30° = 30<§W0) = g

Supplement: 180° — 130° = 50°

o T S
(b) Complement: Not possible, 170° is greater than 90°. (b) 150° = 150(@) 6
Supplement: 180° — 170° = 10°
(@) 315° = 315°<l> -1 49. (a) —20° = —20<l) = -2 50 270° = 270°< ” > L
180°) ~ 4 ‘ 180 9 - @ N 180°) ~ 2
T 2 T 41 T 41
b) 120° = 120°<—> == b) —240° = —240(—) = -7 144° = 144°< > =T
® 180° 3 ®) 180 3 ® 180° 5
37 37 (180Y° T 7r(180° T 771'(180)O
ST = o700 52. (a) —2 = 7 = —105° 53 (a) =) =420°
@ 2(77) 70 @ =7 12<w> @5 =3\
7o T7(180\° T m(180° 17 17 180)°
LT = 2100 b) = == = 20° b) — = ) = —66°
(b)6 6(77) 210 ()9 9(77) ®) 30 30<’n’
117 117(180° T T
— = = 330° . 115° = 115 — . 87.4° = 87.4°
@5 =% ( ™ ) >3 115 5(180) 6. 874 874(180")
34 347(180° ~ 2. i = 1. i
®) 34m _ J( ) _ 408° 007 radians 1.525 radians
15 15\ =
~21635° = —216.35(1) ~ —3.776 radians 58. —4827° = —48.27°< 770> ~ —0.842 radians
180 180
532° = 532(&) ~ 9.285 radians 60. 345° = 345°< . ;g) ~ 6.021 radians
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61. —0.83° = —0 83(1) ~ —0.014 radic 62. 0.54° 054°< T ) ~ 0.009 radi
. —0. 83\ 730 . radian . 0. 54\ 1gge) = 0-009 radians
o 575 150 157180\
63. = = 71(@) ~ 25714° 64. 22 =27 ) ~ 81.818° 65. " = —”(—) = 337.500°
7 T\ T 11 11 8 8 T
o 180 180°
66. 137 _ ﬁ(@) — 1170.000° 67. —42m = —4.27T<— 68. 4.87 = 4.877( ) = 864.000°
2 2 T w m
—1756.000°
. 180°
69. —2 = —2(@> ~ —114.592° 70. —0.57 = —0.57( ) ~ —32.659°
T e
71 (a) 54°45 = 54° + (5)° = 54.75° 72. (2) 245°10” = 245° + (29)° ~ 245° + 0.167° = 245.167°

73.

75.

77.

79.

82.

(b) —128°30' = —128° — (2)° = —128.5°

(a) 85°18" 30" = (85 + & + 520:)" ~ 85.308°
(b) 330°25” = (330 + 355)° = 330.007°

(a) 240.6° = 240° + 0.6(60)" = 240° 36’
(b) —145.8° = —[145° + 0.8(60")] = —145° 48’

(a) 2.5° = 2°30’

(b) —3.58° = —(3° + (0.58)(60"))
= —(3°+ 34"+ 0.8(60"))
= —3°34748"
s=7r6 80. s=r0
6 =150 29=1080
0= gradians
s =rb 83. s =rb
60 = 756 6 =270
60 4
6 = — = —radians Y
75 5

Because the angle represented is
clockwise, this angle is —% radians.

29 .
0 = 1o radians

T

74.

76.

78.

2 .
= —radians

(a) —0.355°

12

(b) 2°12" = 2° + (2)° = 2° + 0.2° = 2.2°

(@) —135°36" = —135° — (35)

= —135° — 0.01° = —135.01°

(b) —408° 16’ 20" = —(408° + (L)° + (:55))

U

—(408° + 0.2667° + 0.0056°)

U

—408.272°

(a) —345.12° = —(345° + (0.12)(60"))

= —(345° + 77 + 0.2(60"))
= —345°7/12"

(b) 0.45° = 0° + (0.45)(60") = 0° + 27" = 0° 27’

—(0° + (0.355)(60"))
—(0° + 21" + (0.3)(60"))
= —(0°+ 21"+ 18”) = —0°21"18”

(b) 0.7865 = 0° + (0.7865)(60)

= 0° + 47" + (0.19)(60”)
=0°+ 47"+ 1147 = 0°47" 114"

81. s=1rb
32=1760

32 4 .
0 = 7 = 45 radians

84. r = 14 feet, s = 8 feet

g=2-8 _ % 4
. 14 7ra1ans
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85. s=1r60 86. r = 80 kilometers, 87. s = r6, 6 in radians
55 — 1450 s = 160 kilometers
- . 160 5= 15(180)(%'0) = 157 inches
25 50 i 0:‘7:@: 2 radians
== _ r
145 290 ~ 47.12 inches
o ™ . . . T
88. r = 9 feet, 6 = 60° = 3 89. 5 = r0, 0 in radians 90. r = 20 centimeters, 0 = 2
- s = 3(1) = 3 meters -
s=rf= 9<§> = 31 feet s=r0= 20<Z> = 57t centimeters
= 9.42 feet =~ 15.71 centimeters
91. A =112 92. r=12mm, =~ 93. A = 1129
. > . s 2 . 5
_ Loyp(m) _ 87 : 1,1 z<z> D A, <L)
A= 2(4) <3> = 3 square inches A= 5" 0= 2(12) 2 A 2(2.5) (225) 150
=~ 8.38 square inches = 187 mm? ~ 12.27 square feet
=~ 56.55 mm?

94. r = 1.4 miles, 6 = 330°

1 330°
— 11402
A 2(1.4) <1800>7T

21.56
I T 5.64 square miles

96. 4000 miles

0 =47°37"18" — 37°47 36" = 9°49" 42"

\:
Il

=~ (.1715 radian
s = rf = (4000)(0.1715) = 686.2 miles

98. r = 3189 kilometers
s=rb
400 = 637860
400
6378~ ¢
0.062716 = 6

The difference in latitude is about 0.062716 radians = 3.59°.

180°
) ~ 275°
™

N

24 .
100. 6 = - = 5 = 4.8 radians = 4.8(
r

65(5280)

101. (a) 65 miles per hour = = 5720 feet per minute

The circumference of the tire is C = 2.57 feet.

The number of revolutions per minute is
5720

=
2.5

= 728.3 revolutions per minute

95. 0 = 41°15"50” — 32° 47’ 39”
=~ 8.46972° = (0.14782 radian

s = r6 =~ 4000(0.14782) =~ 591.3 miles

s 450
7. 0="°=—"—~0.071 radian =~ 4.04°
97. 0 P 0.071 radian 0
99, 0=§= 25 =§ =iradian
r 6 60 12

0
(b) The angular speed is T

5720

0= 72.577(277) = 4576 radians
4576 radi
Angular speed = ﬂ = 4576 radians per minute
1 minute
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102. Linear velocity for either pulley: 1700(27r) = 34007 inches per minute

3400
(a) Angular speed of motor pulley: w = L 1 LA 34007 radians per minute
r
3400
Angular speed of the saw arbor: @ = L > T 17007 radians per minute
r
1700
(b) Revolutions per minute of the saw arbor: > T 850 revolutions per minute
T
103. (a) Angular speed = W 104. (a) 4 rpm = 4(27) radians per minute

. . = 8rradians per minute
= 10,4007 radians per minute

. . ~ 25.13 radians per minute
~ 32,672.56 radians per minute

(b) r=25ft
7.25 1 ft
(7 in.)( : )(5200)(277)
. 2 12 in. ro .
(b) Linear speed = - — = 2007 feet per minute
1 minute !
2 . Linear speed =~ 25(25.13274) feet per minute
=3 141571- feet per minute
~ 628.32 feet per minute
=~ 9869.84 feet per minute
105. (a) (200)(27) < Angular speed < (500)(27) radians per minute
Interval: [4007, 100077] radians per minute
(b) (6)(200)(27) < Linear speed < (6)(500)(27) centimeters per minute
Interval: [24007, 60007] centimeters per minute
1 1
106. A = EH(RZ - r?) 107. A = 5!'20
R =125 1
A\ - 5(35)2(14°°)< 1 8”0> X
F=25—14 =11 (< 7 i |4 > — 35 —>

U

476.397 square meters

125\ oy o N ‘
A= 2(180)77 (252 — 112) = 1757 =~ 549.8 square inches

U

1496.62 square meters

108. (a) Arc length of larger sprocket in feet: s = r6

T
feet

1 2
s = 3(277) =3

Therefore, the chain moves 27/3 feet, as does the smaller rear sprocket. Thus, the angle 6 of the
smaller sprocket is (r = 2 inches = 2/12 feet).

s (2m)/3 feet

0= P m = 41 and the arc length of the tire in feet is:
s = 6r
14 147
s = (477)(12) =3 feet

s _ (14m)/3 _ 147

Speed = t lsecond 3

feet per second

147 feet o 3600 seconds « 1 mile
3 seconds 1 hour 5280 feet

=~ 10 miles per hour

—CONTINUED—
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108. —CONTINUED—

(b) Since the arc length of the tire is (1447)/3 feet and the cyclist is pedaling at a rate of one revolution per second,

we have:
Distance = <14J feet )( | mile )(n revolutions) = m n miles
3 revolutions/\ 5280 feet 7920
(c) Distance = Rate - Time
14 1 mile
= (7 f o il
< 5 feetper second><5280 feet)(t seconds) = 7920 ———¢t miles
(d) The functions are both linear.
109. False. An angle measure of 44 radians corresponds to 110. True. If « and 8 are coterminal angles, then

two complete revolutions from the initial to the terminal a = B + n(360°) where n is an integer. The difference
side of an angle. between a and B is @ — B = n(360°) = 2mm.

111. False. The terminal side of — 1260° lies on the negative x-axis.

112. (a) An angle is in standard position if its vertex is at the origin and its initial side is on the positive x-axis.
(b) A negative angle is generated by a clockwise rotation of the terminal side.
(c) Two angles in standard position with the same terminal sides are coterminal.

(d) An obtuse angle measures between 90° and 180°.

113. Increases, since the linear speed is proportional to the radius.

180\°
114. 1 radian = (*) =~ 57.3°, 115. The arc length is increasing. In order for the angle 6 to
T

remain constant as the radius r increases, the arc length
s must increase in proportion to 5 as can be seen from
the formula s = ré.

so one radian is much larger than one degree.

A
116. The area of acircleisA = 712 = 7= — - The circumference of a circle is C = 27r.
r

A
C=2<ﬁ>r
2A
C=—
-
Cr
— =A
2
(o) r 1
For a sector, C = 5 = r6. Thus, A = =56?r2 for a sector.
117. i LQZMZQ 118. f \/ 5 .Q_Sﬂ
42 42 J2 8 2 2 22 2 4
119. V22 4+ 62 = /4 +36=/40= /4-10=2.10 120. /17> — 92 = /289 — 81

= /208 = J16 - 13 = 4/13
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121. f(x) = (x — 2) 122. f(x) = x° — 4

Graph of y = x> shifted
to the right by two units

Vertical shift four units
downward

123, f(x) =2 —x° 124. f(x) = —(x + 3)°

Reflection in the x-axis
and a horizontal shift
three units to the left

Graph of y = x> reflected
in x-axis and shifted
upward by two units

Section 4.2  Trigonometric Functions: The Unit Circle

B You should know the definition of the trigonometric functions in terms of the unit circle. Let ¢ be a real number and (x, y)
the point on the unit circle corresponding to ?.

1

sint =y csct=—, y#0
y
1

cost =x sect=—, x#0
X
X

tant=X,x¢O cott=—, y#0
X y

B The cosine and secant functions are even.
cos(—t) = cost sec(—1) = sect
B The other four trigonometric functions are odd.
sin(—#) = —sint csc(—t) = —csct
tan(—¢) = —tan¢ cot(—¢) = —cot ¢t

B Be able to evaluate the trigonometric functions with a calculator.

Vocabulary Check
1. unit circle 2. periodic

3. period 4. odd; even
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11.

13.

15.

8 15
X=——,y=—
177 T 17
0 15 0 1 17
inh=y=— =—=—
S y 17 csc EaRT
8 17
cosf=x=—— sec=—=——
17 8
tan 6 15 t 6 8
an === —— coth=-=——
8 15
12 S
YT
in 0 5 0 1
sinf=y=—— = -
y 3 csc y
cos X 3 sec T
_y__5 _Xx
tan 6 N 2 cot 0
t—zcorres onds to Q ﬁ
Ty P 22 )
t—hcorres onds to —£ —l
: 6 P 2 0 2)f
t—ﬁcorres onds to —l —ﬁ
) P 22 )
3
t= 777 corresponds to (0, —1).
t—zcorres onds to ﬁ ﬂ
4 P 22 )
o V2
sint=y=—
)
t ﬁ
cost=x=——
)
tant=X=1
x
T \/§ 1
t = —— corresponds to (—, —— |
6 2 2
inf 1
sint=y=——
YT
cos t V3
=y ==
2
s 1 V3
ant=-=———= ———
X J3 3

2.

12.

14.

16.

12 5
=3V
Sinoz)’:% cscaziz?
cos@=x=% secg:%:%
taﬂ@:*:% cot0:f:15—2
4 3
xX=-5y="3
sin0=y=—% cs00=%:—§
cos(?:x:—g sec()=i=—%
tan0=7=% Cotngzg

2" 2
sin§=§
1
COS§=E
_ V32
tan 3 == =3
(= Ty = (L2
Ty 27 2
. 2
Sln(—z>:—7
T 2
COS(—Z):T
_m\_=V2/2
tan( 4) V2/2 !
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7 2 2
17. = —777 corresponds to <{,{> 18. t = 74347, (x,y) = (*%, ?)
N2 sin<—4—”> _ 3
sint=y=- 3 5
2 T 1
cost=x=§ cos _?>:_§
4w\ J3/2
tans=>=1 taﬂ(‘;)ZT/z——ﬂ
a7 V31 S 1 \/§>
= -, . 20. Ly =12, ———
19. ¢ 5 corresponds to(2 , 2> 0. ¢ 3 (x, y) (2 >
inr=y= L 3T 3
sint=y= -5 3 ’
3 1
cost=x=§ CS3T TS
1 3 Sm_=V3/2 _
tant=X=—f=—£ tan3— 1/2 =-3
x 3 3
3
21. t = ey corresponds to (0, 1). 22. t = —2m, (x,y) = (1,0)
) sin(—2m) =0
sint=y=1
cost=x=0 cos(—2m) =1
y _0_
tan = = is undefined. tan(—2m) _T_O
x
37 V2 V2 5 V31
23. t = 1 corresponds to <— 5 ,2>. 24. t = 5 ,(,y) = (— By
, V2 1 . 1 _ 1
s1nt=y=7 csct=;=\/§ sin~ = =5 ese = ST
NG | S V3 57 1 23
cost=x=77 sect=;=f 2 oS~ "= 75 e T cosr 3
y ] WST_ 2 A sw_ L o
tant=;=71 cott=§=*1 6 -J3/2 3 6 tan ¢
T 3
25. t = ey corresponds to (0, —1). 26. t = R (x,y) =(0,—1)
int=y=-—1 —1—71 sin3£:—1 CSCE:L:—l
sint=y= csct—y— 2 > " sing
! T=0 37 s undefined
cost=x=0 sec t = — is undefined. s~ = Sec 7~ 15 undetined.

=

Y.
tan t = Tis undefined. cott=—-—=20

<=

tan 3777 is undefined.
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4 1 J3 T V2 U2
27. 1= 2 2 AP (2 V2
1= corresponds to( 5" ) 28. t 1 L (6, y) ( )
, V3 1 23 Im V2 TJom 1
Smt_y__T csct=;= - sin == = = ese = 2
1 1 00971=£ sech=i— 2
cost=x=75 sect=;=*2 ° 4 2 4 cos t
y x /3 o —J2/2 1
== _E_3 = ~1 e — =
tant—x—ﬁ cott—y— 3 tan = J2/2 ol = an s
. . _ _ 27 1
29, sinS57=sin7 =0 30. cosSm=cosm=—1 31. cos 3 :(;os?——5
97 _ . m_J2 157\ @ _ 197 w1
32. sin 1 sin 1 2 33. cos( 2 ) = cos 5= 0 34. smT = sm? =3
9 7 2 4 1 1
35. sin(—— _n(1T) = 2 36. cos(——”) =cos = —> 37. sinr = -
1 2 3 3 2 3
. . 1
(a) sin(—t) = —sint = -3
(b) csc(—t) = —csct = —3
1 3
38. sin(—1) = % 39. cos(—1t) = ~3 40. cost = ~1
, . 3 1 _ _ 3
(a) sint = —sin(—1) = -3 (a) cost = cos(—1) = -5 (a) cos(—1) = cost = -7
L _ 8 1 = L __4
(b) csct = ;- 3 (b) sec(—1) = p—a = -5 (b) sec(—1) = sect o5t 3
4
41 sint = 42. cost = g 43. sing ~ 0.7071
4 4
(a) sin(w — 1) = sint = 5 (@) cos(m — 1) = —cost = -3
4 4
(b) sin(t + m) = —sint = -5 (b) cos(t + m) = —cost = -3
T 1 1
44. tan — =~ 1.7321 45. csc 1.3 = —— = 1.0378 46. cot1 = —— = 0.6421
3 sin 1.3 tan 1
1
47. cos(—1.7) = —0.1288 48. cos(—2.5) = —0.8011 49. csc 0.8 = o8 1.3940
50. sec 1.8 = ~ —4.4014 51. sec22.8 = ~ —1.44 52. sin(—0.9) = —0.7833
0051.8 sec c0s 22.8 86 sin( )
53. (a) sin5=y= —1 54. (a) sin0.75 =y =~ 0.7

(b) cos2 =x= —04

(b) cos2.5 =x= —0.8
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55. (a) sint = 0.25

57.

58.

60.

62.

t = 0.250r2.89
(b) cost = —0.25
t =~ 1.82o0r4.46

y(t) = %e*’ cos 6t

@\, 1o 1 1 1

Bl

y | 025 | 0.0138 | —0.1501 | —0.0249 | 0.0883

56.

(a) sint = —0.75
t=40ort=>54

(b) cost = 0.75
t=070rt=>56

(b) From the table feature of a graphing utility we see that y = 0 when ¢ = 5 seconds.

(c) As tincreases, the displacement oscillates but decreases in amplitude.

1
t) =— 6t
y(t) 1 0

1
(a) y(0) = 4 cos 0 = 0.2500 feet

(b) <l>—l E~00177ft
y4 40032 . ee

1 1
(©) y<§> = cos 3 =~ —0.2475 feet

True. tan a = tan(a — 677) since the period of tan is 7.

cos § = x = cos(—6)

sec = L sec(— 6)
X

So sec 6 and cos 6 are even.

sin @ =y
sin(—0) = —y = —sin 6
1
csc = — y
y
1
csc(—0) = - =-csc® 7 | N ()

So sin 6 and csc 6 are odd.

Yy
tan 0 = = _
¥ 0

tan(—0) = _Ty = —tan 0

cot0=£
y

cot(—6) = X = ot h
-y

So tan 6 and cot 6 are odd.

59.

61.

63.

False. sin(—t) = —sin ¢ means the function is odd, not
that the sine of a negative angle is a negative number.

For example: sin(—%) = —sin(%) =—(=1)=1.

Even though the angle is negative, the sine value is positive.

(a) The points have y-axis symmetry.
(b) sin#, = sin(#7 — t,) since they have the same y-value.

(c) cos(m — ;) = —cos t, since the x-values have the
opposite signs.

I
f) =33 = 2)
y=36r=2)
¥ =16y -2
5By
2x =3y — 2
2 2
FT3Y
2 2 2
—1(y) — =2 £ _ 2
Fx) 3x-i-3 3(x-i-l)
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x+2
64 () =+ 1 6.  fW=VP - dxz2 66. f) =,
- /2 _
1 Y=V o4 _x+2
y:Zx3+l x=VV2 -4 Y=
x2=y>—4 _y+2
x=—-y +1 X = y—4
4 L/ A=y
1= FW = JF T Az 0 ==yt
4 xy —4dx=y+2
dx—1) =y xy—y=4x+2
y=4x—1) yx— 1) =4x + 2
) =4k - 1) _20x+1)
Y x—1
202x + 1)
Sy —
i = 22
2x
7. = )
67. f) = ==
Intercept: (0, 0)
Vertical asymptote: x = 3
Horizontal asymptote: y = 2
x| —1]0]1 2 415|6
1 0| —-1|—-4]8|5|4
Y12
5x 5x
68. = = + —3.2 y
@) X+x—-6 (x+3)x-— 2),x 3, . .
| 8 i
Horizontal asymptote: x = 0 E 6+ E
W\ 41
Vertical asymptote: x = —3,x = 2 et !
M ! N
Intercept: (0, 0) 4 :727 N\ % 468
N
x| —6 | —4 -2]10]1 315 R |
gl |
5| 105 || 5|52
Y1 T4 T3 2 402 24
X +3x—-10  (x+5x-2 x+5 ,
69. flx) = 22— 8 _2(x+2)(x—2)_2(x+2)”H£2 A
) 5
Intercepts: (—35,0), O’Z xl =51 =4l =31 =110l113
Vertical asymptote: x = —2 I S 4
1 y|0 2 1]2 1 1 5
Horizontal asymptote: y = 5

Hole in the graph at (2, %)
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X —6exr+x—1 1 7

70. £(x) = Sx—= 156 + 4)

Vertical asymptote: 2x> — 5x — 8 = 0
5= /O - @0y
2(2)

5+ /89
x=74 P X

~ —1.11,x = 3.61

N [ =
~

Slant asymptote: y =

. 1
y-intercept: (0, §>

x-intercept: (=~5.86, 0)

Section 4.3

22 —5x—8 20 4 422 —5x—38)

x| =4 | -3 |-3 |-1]0]2]|3]|4 7
15 17 155 1 3 29
A I o e A B B I I o

-6 -4 -2

i

Right Triangle Trigonometry

Qi

(a) sin0=% (b) cos@:ﬂ
hyp hyp
h h

(d) cscf):ﬁ (e) sec@zaid?

B You should know the following identities.

1
sin 6 = b 0=—
(@) sin csc 6 (®) ese sin 6
1
d =— t -
(d) sec 0 cos 6 (©) tan 6 cot 6
sin 6 cos 0
tan = —— h t O =
(&) tan cos 6 ® co sin 0

() 1+ tan®> 0 = sec? 6

tary angles are equal.

can determine them.

(k) 1+ cot>0 = csc?0

B You should know the right triangle definition of trigonometric functions.

(c) tan 6 = ﬂ
adj
&
(f) cot§ = 2
opp
1
0 =
(c) cos oc 0
f t O =
() co tan 6

(i) sin?0 + cos?2 6 =1

B You should know that two acute angles « and 8 are complementary if & + 8 = 90°, and that cofunctions of complemen-

B You should know the trigonometric function values of 30°, 45°, and 60°, or be able to construct triangles from which you

Vocabulary Check

1. G hypf)tenuse —secl (W) (i) adJace'nt _
adjacent opposite

i) adjacent — cos 6 (i) ) opposite

hypotenuse hypotenuse

2. opposite; adjacent; hypotenuse

3. elevation; depression

(iv) (i) TYPOEUSe _ o (vi)
opposite
=sing () (vi) PRSI e i)
adjacent
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1. hyp = V62 + 8 = /36 + 64 = /100 = 10
6 3 h, 10 5
sinB—Oppf* - csc()—ﬂ— ==
hyp 10 5 opp 6 3
6 adj 8§ 4 hyp 10 5
0= =—=— 0= =—=—
f T T hyp 105 VT T8 4
opp 6 3 d 8 4
tanh=——-=—-=— =—=- =
8 an adj 8 4 cot 6 opp 6 3
2 adj = V132 =52 = /169 — 25 = 12
13
’ sin0=Opp > csct‘)=hﬂ=E
6 - hyp 13 opp 5
adj 12 hyp 13
cos 0 = —— sec 0 = —— = —
hyp 13 adj 12
5 d 12
tan0=0pr,)— cot0=ﬂ=f
adj 12 opp
3. adj = V412 — 92 = /1681 — 81 = /1600 = 40
h 9 sin(9=ﬂ=2 csc 6 = o _ 4l
0 hyp 41 opp 9
_adj 40 yp 41
il 0= -
O hyp 41 VT 40
d 40
tan0=ﬂ=i c0t0=aJ—f
adj 40 opp 9
4, hyp= V& + 42 = /32 =42
4 1 2 h 42
4 sin 9 = PP _ =—=—" cscO—Lp—if=ﬂ
hyp 42 V2 2 opp 4
a d 4 1 2 hyp 442
9= = =—— == p=—"r==2= N
3 U hyp a2 2 2 VT g T 4
4 d 4
tan 6 = pl,)—*—l cot(i’—aJ =1
adj 4 opp 4
5. adj= V37— 12= /8=2/2
3 1 h
M‘ sin 6= 2P = csch=2P=3
hyp 3 opp
cos(9=adj=27\/E sec(9=hyfp=i=3\/§
hyp 3 adj 2J2 4
opp 1 2 adj
tan = — - = == —— tg=—=22
an adj 22 4 0 opp V2
adj = V6 — 22 = /32 =42
2 1 h 6
6 sin0=@ - == csc(9=ﬂ=*=3
2 hyp 6 3 opp 2
6 adj 4f 22 hyp 6 3 3J2
cosfh=—"=—"—=—"— sec=—""=——rm=_"—F7="—
hyp 6 3 adj 42 2J2 4
opp 2 1 V2 adj 4.2
tan 0 = — - = = tg=—=——"=22
an adj 4f Zﬁ 4 0 opp 2 V2

The function values are the same since the triangles are similar and the corresponding sides are proportional.
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15

hyp = /152 + 82 = /289 = 17

. opp 8 hyp 17
sinf=—=— c¢sch=—=—
hyp 17 opp 8
dg 15 h
cosBZaJ:* GZLI,):”
hyp 17 adj
tnﬂ—m—i t@—LdJ E
adj opp 8

The function values are the same because the triangles are similar, and corresponding sides are proportional.

7.0pp=\/ﬂ=3

. opp
sinf=—— =
hyp
3 adj
cos = ——=
hyp
0 opp
tan § = — - =
a MO g
opp = V1252 — 12 =0.75
1.25 ) opp 075 3
g=—""+= —
MY hyp 125 5
adj 1 4
cosf=—= =
hyp 125 5
075 3
tan 0 = ﬂ ==
adj 1 4

The function values are the same since the triangles are similar and the corresponding sides are proportional.

hyp=m=ﬁ

P N . B
hyp V5 5 opp
c0s0=afdj=i=£ sec@=hﬂ
hyp /5 5 ) adj
tanOzOpI,):l cot@zﬂ*
adj 2 opp

75
17
hyp = VT3 & =2
: opp _ _4 8 hyp 17/2 17
sinf = — = = — sch=—2r=—"1"=""
hyp 17/2 17 opp 4 8
dj .
cosg= 2 _ TS5 15 by 172 17
hyp 17/2 17 adj 75 15
4 i 75 1
tané)=ﬂ:—:i Cotgzﬂ: 523
3 hyp 5
- csch=—=—
5 opp 3
4 sec(?-hﬂ—§
5 adj 4
3 d 4
- cot0=ﬂ=f
4 opp 3
0 hyp 125 5
csch=—2="=1
opp 075 3
hyp 125 5
sec § = —- = =
adj 1 4
adj 1 4
cotg=—=—=—
opp 0.75 3
3
0
6
hﬂzﬁzﬁ
1
N hyp = V32 + 62 =35
= Ging = > 1 _ 5 PP N 5
inf = = =" =¥ _
2 35 V5 5 3
_T_z C089_76 _i_iz\/g Secg—L\/g—ﬁ
35 V5005 6 2
tane—é—l COtG_é_Z
6 2 3

The function values are the same because the triangles are similar, and corresponding sides are proportional.
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9.

11.

13.

3
Given: sin 6 = > = PP
4 hyp
32 + (adj)? = 42
4
adj = V7 s
adj V7
08 =—r=—— g
hyp 4 .
NGi
3
tan 0 = @ = i
adj 7
h 4
csc 0= hyp _ 2
opp 3
hyp 47
sec = —=——
adj 7
dj 7
cot =29 i
opp 3
2 h
Given: sec&:zZ,ZLI.’
1 adj
(opp)? + 12 = 22
opp = V3
sin 6 = PP _ £ 2 ;
hyp 2
adj 1
cosf=—=— 0
hyp 2
1
tan 0 = % = \/§
adj
h 2
csc 0= oyp _ ﬁ
opp 3
&
cot =29 ﬁ
opp 3
3
Given: tan 0 = 3 =,:ﬂ
I adj
32 + 12 = (hyp)?
hyp = /10 vio/ |y
1
sin 6 = PP _ ﬂ
hyp 10 0
adj /10 1
cosf=——=—
hyp 10
hyp V10
csch=—=——
opp 3
h
sec 6 = ﬂ = /10
adj
adj 1
cotfh=—=—

opp

10.

12.

14.

iven: _ 5 _ adj
Given: cos 6 = 7 _hyp
opp = V72— 52 = V24 = 2.6
7 28

: opp _ 26
sinf =— = ——

hyp 7

opp 26 /) - ]
tan h = — = ——

adj 5

hyp 7 76
csch=-2=——=

opp 2J6 12

hyp 7
=25 ==
sec a5

adj 5 5.6
cotf=—=—- =

opp 2J6 12
iven: 2 _adj
Given: cot 6 = = op - |
hyp = V5% + 12 = /26 5
- opp _ 1 /26
sinf=—=—— ="

hyp 26 26

adj 5 5./26
cosf=—=—— =

hyp 26 26
tanezﬂ_l

adj 5

h 26
ch= yp:£=\/%

opp 1

h
sec@:ﬂ;@

adj 5
iven: _6_hyp
Given: sec 6 = = i
opp = V6> — 12 = /35

o V33

sinO—opp:ﬁ

hyp 6

adj 1 0
g=—1=—
7 hyp 6 |
tanﬂzﬂ:ﬁzﬁ

adj 1
csc = 2P 6 635

opp 35 35
cott‘)=a—dJ L:\/ﬁ
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3 dj
15. Given: cot = — = 9 16. Given: csc 0 = 17 = hyp 17
2 opp 4 opp
2 2 2 9
22 + 32 = (hyp) Vi3 2 adj = V1P — 2= /273 Wors
hyp = V13 f ng=PP _ 4
: opp 2 2J/13 3 hyp 17
sinf = —=——==
hyp V 13 13 o= LdJ _ /273
a3 313 ST Ty 17
ST VB 1B
yp an 6 opp 4 4%
amh=——-=—==
n o= -2 adj V273 273
adj 3
hyp 17 17273
h V13 g=-—2r - —— —
cscf= B =2 VTN T V213 273
opp 2
gty _ V13 otg =24 _ 273
T g 3 pp 4
T T T T
: P = 30° = T radi 18. 45° = 45° = radi
17 N 30 30 < | 80°> 6 radian 5 5 < 13 O°> 1 radian
2
]
\/7 .
Gin 300 = PP _ 1 U cosase o M1 _V2
30° hyp 2 hyp V2 2
V3
/) ]
1
7 [ 180° 7 a(180°
. 5 =5 = 60° 20. - =— = 45°
19 ~ 3 3( T ) 60 4 4( T )
6
2 m_opp _ /3 _ V2 m_hyp V2 _
V3 =g =1 - V3 ! seey =i~ 1~ V2
z A\ [ ]
3 1
1
21. c0t6=£=iza—dJ 22, csc0=ﬁ=th
5 3. V3 opp opp
e T V2 e 0(77)_77 .
V3 6 =60°= 3 radian 1 0 =45° =45 30°) = 2 radian
o0 A\ [
1
T (180° T T 180")
. — = — = 30° 24, = — = — = 45°
23 S 6 6( - ) 30 0 1 4( - 5
2 3 NG
o T _adi V3 O . I )
6 6 hyp 2 4 hyp V2 2
V3 /\ ]
i
1 adj V3 _ 1 _opp
tg=1=—=— 26. t =~ - _- _ ZFrF
co 1~ opp an 6 3 /3 adj
) 60°
T 1 T
= 45° = 45° =30° = 30°
0 (180°> 0 = 30 30 (180°)
30°
= 7 radian V3 = T radian

4
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V3

27. sin 60° =
sin 5

1
. c0s 60° = ~
Ccos 5

in 60°
(a) tan 60° = s - =
cos 60

(b) sin 30° = cos 60° =

(¢) cos 30° = sin 60° =

cos 60°
d) cot 60° = =
(d) co sin 60°

V13
29. csc = ——, se
2
@) sin 0 1 2 213
1n = = =
s csc V13 13

1 3 3J13

®) COsgzsect‘):\/ﬁ_ 13

213
ng 13 2
3

e
=)
Il

(c) tanBZLiiz

cos 3./13
13

(d) sec(90° — ) = csc O =

1
31. =
cosa =

(a) seca = =3
cos a

(b) sin®a + cos’a =1

2
sinfa + (%) =1

sina =

[ —m NS IEENN Now)
| w%
)

sin o =

©) cot cos « 1
c) cota = = =
“« sina 2 22

s

. 1
(d) sin(90° — a) = cos @ = 3

1
33. tan 6 cot 6 = tan 9<7> =1
tan 6

ol

28.

30.

32.

34.

§in 30° = . tan 30":£
2 3
(a) csc 30° ! 2
a) CscC = =
sin 30°
3
(b) cot 60° = tan(90° — 60°) = tan 30° :Tf
1
in30° 2 3 3
(c)c0530°=sm o:f=7=£
tan30° /3 2J3 2
3
1 3 3.3
d) cot30°=——=—"—="3"_ /3
(d) co tan 30° /3 3 V3
sec@=5,tan9=2\/5
(a) cos O = 1!
secld 5
1 1 J6
b) cotf=——=—— =22
®) cot6= e~ 2/6 12
(c) cot(90° — 6) = tan 6 = 2./6
1 2J6
) sinﬂztan0c0s0:(2\/6)<g>:?f

tan3 =135
(a) COtB=M=g
b 1 1
()Cosﬁ_secﬁ_\/l + tan’ B
1 1 V26

T 1+ /6 26

(c) tan(90° — B) = cot B =

(d) csc B =1+ cot? B
12
VA
5
_ /HL:\/i:@
25 25 5

tanﬁzg

1
cos fsec O = cos 9<> =1
cos 0

Right Triangle Trigonometry
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sin «

35. tanacosa=< )cosa=sina

COS

37. (1 + cos 0)(1 — cos ) =1 — cos? 0
= (sin? 0 + cos?6) — cos? 6

= sin% 6

39. (sec O + tan 6)(sec 6 — tan 0) = sec? § — tan® 6

= (1 + tan®6) — tan>0

=1

sinf cos® sin?6 + cos?0
41. + =

cosf sin 6 sin 6 cos 0

1
sin 6 cos 0

1 1
sin & cos 6

= csc Osec 0

43. (a) sin 10° = 0.1736
(b) cos 80° = 0.1736
Note: cos 80° = sin(90° — 80°) = sin 10°

45. (a) sin 16.35° = 0.2815

(b) csc 16.35° = ~ 3.5523

1
sin 16.35°

47. (a) sec42° 12’ = sec 42.2° = ~ 1.3499

cos 42.2°

1
(b) csc48° 7 = 5~ 1.3432
sin (48 + )

49. (a) cot11°15" = ~ 5.0273

tan 11.25°
(b) tan 11° 15’ = tan 11.25° = 0.1989

1

sin 326075 18327

51. (a) csc32°40'3” =

(b) tan 44° 287 16" = tan 44.4711° = 0.9817

36.

38.

40.

42,

44,

46.

48.

50.

52.

) osa .
cot sin @ = — SIn @ = COS «
in o
(1 4+ sin 6)(1 — sin @) = 1 — sin® = cos? 6

sin2 @ — cos? § = sin®> § — (1 — sin® 6)
=sin?0 — 1 + sin? 0

=2sin?6 — 1

tan 3 + cot B tanB+ cot B
tan 3 tan 8 tan 3

cot B

(=5)

1 + cot? B = csc? B

=1+

(a) tan 23.5° =~ 0.4348

(b) cot 66.5° = ~ 0.4348

_
tan 66.5°

18)°
(a) cos 16° 18" = cos(l6 + @) ~ (0.9598

56\°
(b) sin73°56" = sin<73 + %) = (0.9609

50 15 \°
40 /1 ” = 4 + - + —
(a) cos4°50"15 cos< 0 3600)
=~ 0.9964
(b) 4°50’15”—7l
see "~ cos4°507 15"
=~ 1.0036
(a) sec56°8710” = sec<56 + 8 _ ﬁ)o =~ 1.7946
60 3600 ’
(b) cos 56° 87 10" = 005(56 + 8 + ﬂy ~ (0.5572
60 3600 '

(a) sec(% - 20 + 32) =~ 2.6695

(b) cot(% - 30 + 32) ~ 0.0699
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1 2
53. (a) sinf =~ = §=30°=—~ 54.(a)0050:£=>0:45°:71 55. () sec =2 = 6=60°=—
2 6 2 4 3
T T T
(b)csc0=2:>0=30°=g (b)tan9=1:>0=45°=z (b)c0t0=1:>0=45°=z
T 57. (a)
56. (a) tan 0 = /3 = 0 =60° = — 23 -
csch=—— = 0=060°=—
3 3
(b) cos 6= = g=60°=" V2
= - = == T
2 3 (b) sinf=—— = 0 =45 =—
2 4
V3
58. (a) cot 6 = KN (b) sec 6= /2
3 T 1 ﬂ T
tanh=—== /3 = 0=60°=— 0=—F4=— 0 =45° = —
an NG V3 3 cos NG > = )
59, tan 30° = 30 60. sin 60° = %8
30 1 30 o V3
- - y = 18 sin 60 =18<>=9ﬁ
30° V3 ox 2
x x =303
2 20
61. tan 60° = 32 62. sin 45° = —
X r
32 20 20
2 = =—— =202
» V3 X d sind5°  /2/2 V2
V3x =132
i 32 323
60 = =222
X \/g 3
o X _6__h
63. tan 82° = 15 64. (a) (b) tan 6 = 37 135
x = 45 tan 82° (c) 2(135) =h
Height of the building: ol 1 ! h = 270 feet
123 + 45 tan 82° = 443.2 meters
6
Distance between friends: —132—>
82° ;
45 Not drawn to scale
°© = = 45
cos 82 =y o5 82° m

=~ 323.34 meters

6 66. tan 6 = 2
adj
300028 1500 ft
tan 54° = —
. 100
sing =20 _1 w = 100 tan 54° ~ 137.6 feet
3000 2
o_ T
6=0"=7
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(b) tan 23° = ];j (c) Moving down the line:
145/sin 23°
145 145 % =~ 61.85 feet per second
XE e 371.1 feet Y= anar 341.6 feet
Dropping vertically:
% = 24.17 feet per second
68. Let i = the height of the mountain. 69. Gy

Let x = the horizontal distance from where the 9° angle of
elevation is sighted to the point at that level directly below 56
the mountain peak.

30°

Then tan 3.5° = h and tan 9° = ﬁ

x+ 13 X sin 30° = Vi
h 56
tan9° = — = x = S o 1
tan 9 y, = (sin 30°)(56) = (§>(56) =28
Substitute x = ——— into the expression for tan 3.5°. X
tan 9 cos 30° = 5%
h
tan3.5° = ——— 3
h x, = cos 30°(56) = £(56) — 283
s+ 13 2
tan 9
. I tan 9° (x.y,) = (28/3,28)
tan 3.5 T h+13tan9° -
Xo, V.
htan 3.5° + 13 tan 9° tan 3.5° = h tan 9° '
13 tan 9° tan 3.5° = A(tan 9° — tan 3.5°)
13 tan 9° tan 3.5° _
tan 9° — tan 3.5° >
1.2953 = h
60°
The mountain is about 1.3 miles high.
o
sin 60 56
3
¥, = sin 60°(56) = (%)(56) =283
o2
cos 60 56

%, = (cos 60°)(56) = (%)(56) Py

(xz’ Y2) = (2& 28\/5)

70. tan 3° = -
15

x = 15tan 3°

d=5+ 2x =15+ 2(15 tan 3°) = 6.57 centimeters



Section 4.3 Right Triangle Trigonometry

359

71.

72.

74.

76.

78.

80.

81.

82.

(a) (e - - (f) The height of the balloon
Angle, 0 | Height (in meters) decreases as 6 decreases.
80° 19.7
70° 18.8
60° 17.3
50° 15.3
. o_ N 0
(b) sin 85° = 20 40 12.9
(c¢) h = 20sin 85° = 19.9 meters 30° 10.0
(d) The side of the triangle labeled 20° 6.8
h will become shorter. 10° 35
Xx~94 y=~34 73. True,
1
= in 60° 60° = sin 60°
§in 20° = 2= ~ 0.34 cot20° = X ~ 275 X Sinx SOV - <sin 60°
10 y
10
€08 20° = = ~ 0.94 sec 20° = — ~ 1.06
10 X
10
tan 20° = 2 ~ 0.36 cse 20° = — ~ 2.92
X y
2 2
True, sec 30° = csc 60° because sec(90° — 6) = csc 6. 75. False, = + % =/2#1
in 60° 30°
True, cot?10° — csc?10° = — 1 because 77. False, Sl _— = cot 30° = 1.7321;

1 + cot? 6 = csc? 0
cot>29 =csc? 9 — 1

cot> 9 —csc? = —1.

False, tan[(5°)2] # tan%(5°).
tan[(5°)2] = tan 25° = 0.4663
tan?(5°) = (tan 5°)(tan 5°) = 0.0077

sin 30°
sin 2° = 0.0349

sin 30°

79. This is true because the corresponding sides of similar

triangles are proportional.

Yes. Given tan 6, sec 6 can be found from the identity 1 + tan? 6 = sec? 6.

(b) In the interval (0, 0.5], 6 > sin 6.

(c) As 0 approaches 0, sin 6 approaches 6.

@ Tou 02 |03 0.4 0.5
sin 6 | 0.0998 | 0.1987 | 0.2955 | 0.3894 | 0.4794

@7 0° | 18° 36° 540 720 90°
sing | 0 | 03090 | 0.5878 | 0.8090 | 0.9511
cosg | 1 | 09511 | 0.8090 | 0.5878 | 0.3090

—CONTINUED—

)_
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82. —CONTINUED—
(b) sin 6 increases from 0 to 1 as 6 increases from 0° to 90°.
(¢) cos 0 decreases from 1 to 0 as 6 increases from 0° to 90°.

(d) As the angle increases the length of the side opposite the angle increases relative to the
length of the hypotenuse and the length of the side adjacent to the angle decreases relative
to the length of the hypotenuse. Thus the sine increases and the cosine decreases.

X2 — 6x ¥+ 12x+36  x(x—70) (x/—i‘/ﬁf(x/—i‘/ﬁ)

83. . =
X2+ 4x — 12 x2 =36 (e4+6)(x —2) (+6)(x—"10)
= X #F +6
Y-
2t + 5t — 12 2 — 16 2124+ 5t— 12 42+ 12t+ 9
84. = = .
9 — 412 412 + 12t + 9 9 — 4¢? 2 — 16
2 =3)+4) (2[+3)(21+3)__(2t+3)_2t+3l
B+20B3—-20) (t+4)(—4) (t—4) 4 -1t
85 32 N x 3+ 2)x —2) = 2(x + 2% + x(x — 2)
"x+2 x—2 X +4x+4 (x —2)(x + 2)2
3(x2 —4) — 2(x2 + 4x + 4) + x%2 — 2x
(x — 2)(x + 2)2
2% —10x — 20 2(x* — 5x — 10)
x—2)x +2?  (x—2)(x+2)2
(i_l) 12 — x
4 4 12 — 1
86. — r - Tt 2 %012

’(12_1>:12—x_ 4 12-x 4
X

Section 4.4  Trigonometric Functions of Any Angle

# 4>, —4

>

B Know the Definitions of Trigonometric Functions of Any Angle.
If 6 is in standard position, (x, y) a point on the terminal side and » = /x> + y> # 0, then:

sin0=X csc0=£,y¢0
r y
X r
cos 6 = — sech=—, x#0
r X
tan0=X,x¢O cot0=£,y¢0
x y
You should know the signs of the trigonometric functions in each quadrant.
. . . T 3
You should know the trigonometric function values of the quadrant angles 0, Py 7, and -

You should be able to find reference angles.

You should be able to evaluate trigonometric functions of any angle. (Use reference angles.)

You should know that the period of sine and cosine is 2.
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Vocabulary Check

1. sing="2
;.

==

7. reference

2. csc 0 3. tang=2
X

S =

= cos 6 6. cot 0

L @ (vy =(43)

() (& y) = @8, —15)

r=J16+9=35 r= /64 + 225 =17
inp=2=2 r_s y__15 ro 17
sinf) === _ csc ) =—=— sinf=== —— cscfh == ——
ro5 y 3 17 y 15
g2 g=r=2 g=*-238 g -1
cos .= sec T cos 17 sec 3
tanH—X—E cot49—£—i tan@—X—fE cotB—f—*i
x 4 y 3 8 15
2. (a) x=—12,y= -5 by x=-1,y=1
r= V(=122 + (=57 =13 r= JCIP T 2= /2
: y 5 . y 1 2
EE h=2=—=—=
sin 6 P 5 sin = >
9757_2 cose—f—;]_,ﬂ
o r 13 r V2 2
Yy -5 y 1
tan f == =—-=—" tan === —=—1
meT s T e T anf="="7,
13 2
0599252_75:_75 csc0:§:Tf: 2
2
sec@zf:i:—B sec9=£:£:f 5
X —-12 12 x -1
—12 X 1
th=—=—-= tg=-=—=—1
co "y co ; 1
3@ (y) =(-v3.-1) () (y) = (4,1
r=Y3+1=2 r=J16+1= /17
sin@—f—fl csch="=-2 sin9=X=ﬂ csch="=J17
2 y r 17 y
417 J17
COSO—*—_Q sec@:lz—ﬁ Cosezfz_i Secﬂziz—
2 pY 3 r 17 X 4
1
tan0=X=—3 C0t9=£=\/§ tanBZX:—f COt0={=—4
X 3 y X 4 y
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4. () x=3,y=1
r= JET = /10

. y 1 V10
sinf===—F—=——
r V10 10
cos0—§—73 —73 10
r V10 10
y 1
tan 0 == = —
an T3
V10
csc0=£:7=\/10
y 1
r V10
sec =—=——
X 3
x 3
cotf=—-=—-=3
y 1

5. (x,y) =(7,24)
r= J49 + 576 = 25

. y 24
g==="—
s r 25
0 X 7
cos ) =—-=—
r 25
y 24
tan @ = = = —
an X 7
0 r 25
csch=—-=—
y 24
secO—I—g
X 7
cotﬁ—f—l
y 24

8. x=-5y=-2
r= VO F = VB

. y -2 229
sinf == =——== —
ro V29 29
X -5 5729
cosf=—=——==—
r 29 29
y =2 2
tanmf=2=——=2=
T 557 s
r V29 V29
csch=—=—-=——"—
y -2 2
r V29 V29
sec=—=—=——"—
X -5 5
‘o x =5 5
cotf=—=—=—
y =2 2

6. x=8,y=15
r=JV8+ 152 =17
. y_ 15
g=2=—
AT
cost9—£—i
r 17
y 15
tan = = = —
an . 3
0 r 17
csch=—=—
y 15
0 r 17
sec =—=—
X 8
8
cot():{:f
y 15

b) x=4,y=—4

r= JET(—P =442

oY 4 V2
sinf===—7=———
ro 4Y2 2
0 X 4 ﬂ
cosfh=—-—=—==—
roo4v2 2
y —4
tanh === —= —1
an X 4
42
csc@zf:i:—ﬂ
y —4
42
sec6=£= fzﬁ
X 4
cotﬂ—f—i——l
y —4

7. (x,y) = (—4,10)
r= 16 + 100 = 2/29

sing=2 =22
r 29
0 X 229
cosf=—-—=———
r 29
¥ 5
tan f = = = ——
an X 2
r 29
csch=—-—=—
y 5
r V29
sech =—=——
X 2
‘o X 2
cotf=-=——
y 5

9. (x,y) = (—3.5,6.8)

= V1225 + 46.24 = 2849

10
. _ Yy _ 685849
sin 6 = r T 5840 0.9
_x_ 355849
cosOfrf T4 0.5
_y__8_
tan 6 35 1.9
r /5849
- = 1.1
y 68
sec § = I-_ 5849 =~ =22
35
coth=-= —E%—OS
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1 7 3 31
10.x—32—2,y— 74— 1
SR
2 4 4
ing=Y = -31/4 :_31\/1157~_09 Cchzfi\/1157/4:_7\/1157z_
ro J1157/4 1157 ’ y —31/4 31
x 7/2 141157 r J1157/4 /1157
cos 0 =— = = ~ 04 sec =—= = =24
ro J/1157/4 1157 X 7/2 14
:X:_31/4:_371~_ _x_ 7/2 :_E.V_
tan 0 T 72 14 2.2 cot 6 v T34 31 0.5
11. sin 6 < 0 = 0 lies in Quadrant III or in Quadrant I'V. 12. sin 6 > O and cos 0 > 0

13.

15.

17.

cos § < 0 = 6 lies in Quadrant II or in Quadrant II1.

sin § < 0 andcos 6 < 0 = 0 lies in Quadrant III.

sin # > 0 = @ lies in Quadrant I or in Quadrant II.
tan # < 0 = 0 lies in Quadrant II or in Quadrant I'V.

sin @ > 0 and tan § < 0 = 0 lies in Quadrant II.

sin0=X=§:>x2=25—9=16
r 5
6in Quadrantll = x = —4
. y_3 r 5
0===— csch=—==
sin - 173
9_5_*£ secﬂ—f—fE
cos =-=-3 , 1
3 4
tanBzX:—f cot@zfz——
X 4 y 3
y —15
t = = —
an 0 T 3

sin# < Oandtan 6 < 0 = 0 is in Quadrant [V =
y < Oandx > 0.

x=8,y=—15r=17

. y 15 r 17
sinf === —— csch=—=——
r 17 y 15

g=r-38 gl -1

cos P sec T 3
15 8
tan0=X=—f cothE:—f
X 8 y 15

14.

16.

18.

X>0andf>0
r r

Quadrant [

sec® > 0andcot 6 < 0
r X
—>0and-< 0

x y

Quadrant IV

4
cosfh=2="" 5 2=25-16=09
r

5
0 in Quadrant Il = y = =3
3
sin0=X=—* csc = ——
r 5
X 4
0=—-=—— sec = ——
cos r 5 4
y 3 4
tan = = = — cot§ = —
S O 3
X 8
g=—=— = y=|[15
cos =1 y = |15]
tanfh <0 = y=—15
—15 15 17
ng==-=—=—- 0= ——
T 17 ese 15
X 8 17
cos ) =—=— sec 0 = —
ro 17 8
tang =2 = 1 15 to
anfh=-=—=—— cot = ——
X 8 8 15
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19.

21.

23.

25.

cotG—{——*—f
1 -1

cos § > 0 = @isin Quadrant [V = x is positive;
x=3,y=-1r=J10
V10 r

sin0=X=—7 cscf=—=—V10
r 10 y
x  3J10 V10
cosf=—=—— sec) =—=——
r 10 3
tan0=X=—* cot=—-—= -3
X 3
r 2
secl=—-=— = y>’=4-1=3
x -1
sin @ > 0 = @isin Quadrantll = y = /3
. y ﬁ r 2\/§
sinf ===— csch=—=——
r 2 y 3
1
costE:—* sech)=—=—2
r 2
3
tan =2 =—/3 cot0=7=—£
X 3
. . T 3
cotOmundeﬁned,ES 0S7:>y=02>0=77
sin7 =0 csc 7ris undefined
cos T = —1 secm = —1
tan 7= 0 cot 7 is undefined
To find a point on the terminal side of 6 use any point on

the line y = —x that lies in Quadrant II. (—1, 1) is one
such point.

x=-ly=1Lr=2

sin0=i=£
V22

COSOZ_L:—Q

V2 2

tan 0 = —1

csc O = \/Z

sec = —2

cot=—1

22,

24,

26.

1
infh===— 60=4
sin 2 csc
V15 415
cosf=—=——— sec = ———
4 15
V15
tan0=7=—Y cot = —/15
sinf=0 = 06=0+ 7wn
sech=—1 = 0= o+ 2mn
y=0,x=—r
sin = 0 csc 6 = iis undefined
cos0=§=1=—1 sec@=£=—1
r r X
tan0=X =0 cot 6 = iis undefined
X y

. T
tan 6 is undefined = 60 = nm + —

2
37
T< 0< 21T = 0=7,x=0,y——r
-r r
sinf===—=—1 csch=—-—=—1
r y
x 0 r.
cosf=—-=—=0 sec § = — is undefined.
r r X
Y. X
tan @ = = is undefined. cotd=—-—=—=0
X y
Letx >0
1
(—x, —gx), Quadrant III
r= /x2+1x2: 10x
9 3
. y (—1/3)x V10
sin ) == = = -
r (V10x)/3 10
X —X 3V10
cosf=-= = -
r o (V10x)/3 10
—1 1
tan0=2=7( /3)x:7
X —X 3
r (V10x)/3
csch=-=——L==_/10
y  (=1/3)x
r (V10x)/3 J10
sec ) = — = = -
X —X 3
th="=—" -3
cotf=-=—-—"—"=
y  (=1/3)x



Section 4.4

Trigonometric Functions of Any Angle

365

27. To find a point on the terminal side of 6, use any point on

29.

32.

35.

37.

28. Letx > 0.

the line y = 2x that lies in Quadrant II. (— 1, —2) is one

such point.
x=—l,y=—2,r=\/§
- 2 25
sinf=——==———

V5 5
cosO—*L—*ﬁ

S5 5

-2
tan0=j1=2
csce—ﬁ——f5

-2 2

5
sec0=£l=—ﬁ
ro= 11
co )
(x,y)=(-1,0,r=1
SiIl7T=X=0

r

r 1
secm=—=—=—1

x -1

3
since 777- corresponds to (—1, 0).

(x,y) =(=1,0),r=1

1
csC T = LA —> undefined
y 0

0 = 203°

6’ = 203° — 180° = 23°

N

4
4x+3y:0:>y:—§x

4
<x, —§x>, Quadrant IV

16 5
r= /x2+?x2=§x

sin 0 a 7(_4/3))( 4 csc 6 >
ing === = = - _2
r (5/3)x 5 4
cosG—E— al _é sec(ﬂ—é
r (5/3)x 5 3
—4 4
tanBZX:7( /3))(:—* tan():—é
x X 3 4
3 1
30, cse— =l — = 3. (r,y) =(0,—1),r =1
2 y -1

33 (x,y) =(0,1),r=1

sin — =

S =

T X
36. cot—=—-=—=0
cot 5 v

,
2 x 0

-1
34. cot T = o= (undefined)
y 0

=1 since 7 corresponds to (— 1, 0).

since g corresponds to (0, 1).

38. 6 =309
0’ = 360° — 309° = 51°

any
\

=

9

1
= — — undefined
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39. 0 = —245° 40. 6 = —145° is coterminal with 215°.

360° — 245° = 115° (coterminal angle) 9’ = 215° — 180° = 35°

0’ = 180° — 115° = 65° s
0 x
Il . o
k Z145°
Zo45°
21 T

41. 0= — y 42. 0=— v

0 3 4

27 W 7
- _ -7 - = 2r ’— l — E
T I 0'=2m— "= n
N A
NOVE

3. =35 y 4. 6= 1;—” is coterminal }

0'=35—-= 57

with ES 1n
3
35
1N o=2m- T (K
o . T73 73 k A

45. 0 = 225°, 6’ = 360° — 225° = 45°, Quadrant III 46. 60 = 300° 6’ = 360° — 300° = 60°, Quadrant IV

47.

2
sin 225° = —sin 45° = —%
2
€08 225° = —cos 45° = —%

tan 225° = tan 45° =

6 = 750° is coterminal with 30°.

0’ = 30° Quadrant I

sin 750° = sin 30° = %

cos 750° = cos 30° =

b

tan 750° = tan 30° =

V3
3

3
sin 300° = —sin 60° = —%

cos 300° = cos 60° =

N | —

tan 300° = —tan 60° = — /3

48. 0 = —405° is coterminal with 315°,
0’ = 360° — 315° = 45°, Quadrant IV
J2

sin(—405°) = —sin 45° = 5

2
cos(—405°) = cos 45° = %

tan(—405°) = —tan45° = —1
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49. 0 = —150° is coterminal with 210°. 50. 6 = —840° is coterminal with 240°,
0’ = 210° — 180° = 30°, Quadrant IIT 0’ = 240° — 180° = 60°, Quadrant IIT
3
sin(—150°) = —sin 30° = —% sin(—840°) = —sin 60° = —%
3 1
cos(—150°) = —cos 30° = —% cos(—840°) = —cos 60° = -
3 _ o) — o
tan(—150°) = tan 30° = Tf tan(—840°) = tan 60° = /3
51 0= 6/ = ™ Quadrant I 52. 0= 9" =" Quadrant I 53. 9= —Z 9’ = 2 Quadrant IV
3 3 4 4 6 6
3 1
sml:—smzz—i sin2=£ sm( E)Z—smﬂ——*
3 3 2 4 2 6 2
1 3
oS — = —cos = = —= cosz=£ cos(—z)=cosz=£
3 2 4 2 6 6 2
v T ™ \/§
tan?—tan§= ﬂ tanZ: 1 tan<*g) = *tang: *T
3 11 10 4
54. 0 = —g is coterminal with 777 55. 6 = Tﬂ- is coterminal with %77. 56. 6 = Tﬂ- is coterminal with 1.
T 37 3 o R T
sin ) =sin— = —1 0 = 7 — Zﬂ- = Ve Quadrant II 6 ? - 7= 3 Quadrant II1
3 3
C°S<_%T>:C°977T:0 n&—sinz Q sm&:—snzf—i
4 4 2 3 2
3
tan(—z) = tanlis undefined. e o V2 cos 10m = —co m_ 1
2 2 cos = = 3 3 2
4 4 2
107 T
11 - = = =
tanTW —tanz =—1 tan 3 tan = V3
57. 6 = —3777 is coterminal with g, 0 = g 58. 6 = ——— is coterminal with —
3w ,_ Tm _ .
< > ) = sm =1 0’ =2 n 4 n Quadrant IV.
( 347) = cosf 0 i (—25777> = —sin(ﬂ) = —Q
2 STy 4 2
( 3;}7) tan T which is undefined. 257\ 7\ V2
2 Ccos _T = cos Z = 7
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59.

62.

65.

68.

71.

74.

77.

79.

sin f = —
sin? @ + cos?0 =1

cos?@ =1 —sin’ 0

3 2
cos2f=1— (—7>

5
9
2 0=1——
cos s
16
‘2 0=—
cos T
cos 6 > 0 in Quadrant I'V.
0 4
cos 0 = —
5
csch=—2

1 + cot?§ = csc? 6
cot? = csc? 60 — 1
cot?0 = (—-22—1
cot?’6 =3

cot O < 0in Quadrant I'V.

cotd=—3

sin 10° = 0.1736

cse(—330°) = = 2.0000

1
sin(—330°)

L 32361

72° = ———
se¢ cos 72

cot 1.35 =

tan 1.35 = 02245

sin(—0.65) = —0.6052

117 1

°°t(_T) B tan(“”)

8

~ —0.4142

60. cot 6 = —3
1 + cot? 6 = csc? 6
1+ (=3)>=csc?0
10 = csc? 6

csc @ > 0 in Quadrant II.

V10 = csc 6
1
csc 6 = —
sin 6

. 1 1 V10
sin 6 = = =
csc V10 10

5
63. cos O = 3
cosO—L = sec =
sec 6 cos 6
1 8
sec 0 = 5/8 =5
66 225° ! 1.4142
. sec = =~ —1.
cos 225°
69. tan 304° =~ —1.4826
72. tan(—188°) = —0.1405
75. tang ~ 0.3640
78. sec 0.29 =
157
80. csc( 11

=t

3
61. tan 6 = —
an 2

sec2 =1+ tan? 0

2 3\
0=1+|<
sec (2)

sec?0 =1 +2
4
13
29:7
sec 1

sec 6 < 0 in Quadrant III.

V13

§= -~
sec B

9
64. sec 6= ——
sec 4

1 + tan? 0 = sec? 6
tan® @ = sec? 6 — 1

9\2
tan? 0= |——] — 1
o = (=)

65
an2f = —
an 16

tan 0 > 0 in Quadrant III.

V65

tan 6 = ~——
an 4

67. cos(—110°) = —0.3420

1
tan 178°

70. cot 178° = = —28.6363

73. tan 4.5 ~ 4.6373
76. tan(—71> ~ —0.3640

9

~ 1.0436

cos 0.29

! ~ 4.4940

14
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1
81. (a) sin 6 = 5 = reference angle is 30° or g and 0 is in Quadrant I or Quadrant II.

Values in degrees: 30°, 150°

T 5w
Values in radians: —, —
alues in radians 6 6
1
(b) sin § = 3 = reference angle is 30° or g and 6 is in Quadrant III or Quadrant IV.

Values in degrees: 210°, 330°
Values in radians Tm
u ians: —, ——
6 6
V2 .m .
82. (a) cos O = BN = reference angle is 45° or n and 6 is in Quadrant I or IV.

Values in degrees: 45°, 315°

Val in radi T T
alues in radians: —, —
4" 4
2 L e T ..
(b) cos 6 = R = reference angle is 45° or n and 6 is in Quadrant II or III.

Values in degrees: 135°, 225°

Values in radians Sk
u D
47 4
23
83. (a) csc O = Tf = reference angle is 60° or %T and 0 is in Quadrant I or Quadrant II.

Values in degrees: 60°, 120°

T 2
Values in radians: —, —
alues in radians 3 3
(b) cot § = —1 = reference angle is 45° or % and 6 is in Quadrant II or Quadrant IV.
Values in degrees: 135°, 315°
. . 37 T
Values in radians: —, —
47 4
84. (a) sec 6 = 2 = reference angle is 60° or 731 and 6is in 85. (a) tan 6 = 1 = reference angle is 45° or g and 6 is in
Quadrant I or IV. Quadrant I or Quadrant III.
Values in degrees: 60°, 300° Values in degrees: 45°, 225°
5
Values in radians: g 5?77. Values in radians: g, %
S
(b) sec # = —2 = reference angle is 60° or g and 0 is (b) cot = —/3 = reference angle is 30° or 5 and 6
in Quadrant IT or III. is in Quadrant IT or Quadrant IV.
Values in degrees: 120°, 240° Values in degrees: 150°, 330°
27 4 57 11
Values in radians: T Values in radians: 2T 0T

373 6’ 6
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3
86. (a) sin 6 = % = reference angle is 60° or g and 60 is

88.

90.

in Quadrant I or II.

Values in degrees: 60°, 120°

Values in radians ™ 2T
u e
3°3
. 3 L. T
(b) sin 6 = Y = reference angle is 60 or; and 6

is in Quadrant III or IV.
Values in degrees: 240°, 300°

4m S5m

Values in radians: —,
3°3

S =231+ 0442t + 43 cos%t

(a) For February 2006, r = 2.

2
S =231+ 0.442(2) + 4.3 cos 72) =~ 26,134 units
(b) For February 2007, t = 14.
14
S =231+ 0.442(14) + 4.3 cos ﬂ(6 ) ~ 31,438 units

(¢) For June 2006, ¢ = 6.

6
S = 23.1 + 0.442(6) + 4.3 cos ? ~ 21,452 units

(d) For June 2007, ¢t = 18.

18
S =23.1 + 0.442(18) + 4.3 cos ”(6 )

y(#) = 2e" cos 6t
(at=0

y(0) = 2¢7%cos 0 = 2 centimeters
ORES:

y(}) = 2¢71/4cos(6 + 1) = 0.11 centimeters
(©1=3

Y(%) =2¢"1/2 COS(6 . %) ~ —1.2 centimeters

~ 26,756 units

87. (a) New York City:
N = 22.099 sin(0.522¢ — 2.219) + 55.008
Fairbanks:
F = 36.641 sin(0.502¢ — 1.831) + 25.610

(b)

Month New York City | Fairbanks
February 34.6° —1.4°
March 41.6° 13.9°
May 63.4° 48.6°
June 72.5° 59.5°
August 75.5° 55.6°
September 68.6° 41.7°
November 46.8° 6.5°

(c) The periods are about the same for both models,
approximately 12 months.

89. y(t) = 2 cos 6t

(a) ¥(0) = 2 cos 0 = 2 centimeters

1 3
(b) y<1) =2 cos(a) =~ (.14 centimeter

1
(c) y<5> = 2 cos 3 = —1.98 centimeters

91. I =5e %sint

1(0.7) = 5¢~'*5sin 0.7 = 0.79 ampere
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94.

95.

96.

97.

99.

6 6
— = d=—
d sin 6
30°
6 6 .
- = —— = 12 miles
sin 30°  1/2
90°
6 6
- = — = 6 miles
sin 90° 1
120°
6
~ 6.9 mil
sin 1207 09 miles

93. False. In each of the four quadrants, the sign of the secant
function and the cosine function will be the same since
they are reciprocals of each other.

False. For example, if n = 1 and 6 = 225°, 0 < 135 < 360, but 360°z — 6 = 135° is not the reference angle.
The reference angle would be 45°. For 6 in Quadrant II, " = 180° — 6. For 6 in Quadrant IT, #” = 6 — 180°.

For 6 in Quadrant IV, 8" = 360° — 6.

As 6 increases from 0° to 90°, x decreases from 12 ¢m to 0 cm and y increases from 0 cm to 12 cm.

Therefore, sin 6 = ILZ increases from O to 1 and cos 6 = 112 decreases from 1 to 0. Thus,

tan 6 = };)increases without bound, and when 6 = 90° the tangent is undefined.

Determine the trigonometric function of the reference angle and prefix the appropriate sign.

y=x*+3x—4=x+4)x—-1)

x-intercepts: (—4, 0), (1, 0)
y-intercept: (0, —4)
No asymptotes

Domain:

All real numbers x

flx) =x*+38

x-intercept: (—2, 0)
y-intercept: (0, 8)
No asymptotes

Domain: All real numbers x

98. y = 2x* — 5x = x(2x — 5)

x-intercepts: (0, 0), (%, 0)
y-intercepts: (0, 0)
No asymptotes

Domain: All real numbers x

100. g(x) = x* + 2x2 = 3=(x2 + 3)(x> — 1)

=@ +3)x+Dx—1)

x-intercepts: (—1, 0), (1, 0) Y

y-intercepts: (0, —3)
No asymptotes

Domain: All real numbers x
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x—7 o ox—17
244 +4  (x+2)?

101, f(x) =
x-intercept: (7, 0)

. 7

y-intercept: (0, _Z)

Vertical asymptote: x = —2

Horizontal asymptote: y = 0

Domain: All real numbers except x = —2

x2—1_(x+1)(x—1)

102. h(x) = = 103. y = 2x!
@ x+5 x+5 Y
. 1
x-intercepts: (—1, 0), (1, 0), y-intercept: (0, 5)
. 02 -1 1 . _
To find the y-intercept, let x = 0: 015 -3 Horizontal asymptote: y = 0
1 Domain: All real numbers x
y-intercept: (O, ,g)
x| —=110]1]2]3
Vertical asymptote: x = —5
To find the slant asymptote, use long division: y 4l % 1214
x> =1 24
=x—-5+ N
x+5 > x+5 )
Slant asymptote: y = x — 5
Domain: All real numbers except x = —5

104, y =31 + 2

This is an exponential function (always positive)
translated two units upward. There are no x-intercepts.

To find the y-intercept, let x = 0:
y=30*14+2=3+2=5

y-intercepts: (0, 5) ettt L R
1 2 3

The horizontal asymptote is the horizontal asymptote of
y = 3**! translated two units upward.

Horizontal asymptote: y = 2

Domain: All real numbers x
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105. y = Inx* y
Domain: All real numbers except x = 0
x-intercepts: (1, 0)

Vertical asymptote: x = 0

106. y = log,y(x + 2) y
To find the x-intercept, let y = 0:

0=1log(x+2) = 10°=x+2 = x=—1

S}

x-intercepts: (—1, 0)

To find the y-intercept, let x = 0:

y = log,o(x + 2) = log,,2 = 0.301
y-intercepts: (0, 0.301)

The vertical asymptote is the horizontal asymptote of y = log,, x translated two units to the left.
Vertical asymptote: x = —2

Domain: All real numbers x such that x > —2

Section 4.5  Graphs of Sine and Cosine Functions

B You should be able to graph y = a sin(bx — ¢) and y = a cos(bx — ¢). (Assume b > 0.)
B Amplitude: |a

2
B Period: 771-

B Shift: Solve bx — ¢ = 0and bx — ¢ = 2.

1
B Key increments: 1 (period)

Vocabulary Check

1. cycle 2. amplitude
3. 2777 4. phase shift

5. vertical shift
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1. y = 3 sin 2x
2
Period: 777 =

Amplitude: |3] = 3

4. y = —3sin£

3
2 2
Period: 777- = % = 6w
Amplitude: |a| = |-3] =3

7.y = —2sinx
2
Period: T7T =27

Amplitude: |—2| =2

1
10. y :gsinSx
2
Period: — = — =
erio b

1
Amplitude: |a| = 3

13. y = isin 2mx
2
Period: L 1
27
l‘ _1
4 4

16. f(x) = cosx, g(x) = cos(x + =)
g is a horizontal shift of f 7 units
to the left.

Amplitude:

19. f(x) = cos x
g(x) = cos 2x
The period of fis twice that of g.

2. y = 2cos 3x

w
Period: = = =~
€110 b 3

Amplitude: |a| = 2

1 X
5. y=—sin—
y 2s1n 3

27
Period: —= =6
erio /3

1
Amplitude: ‘5‘ =—

11. y = —cos—

2
Period: — =3
erio 23 T

1

1
Amplitude: ‘*‘ =
2l 2

2
14. y = fcosﬂ
3 10
2 2
Period: U S 20
b /10

2
Amplitude: |a| = 3

17. f(x) = cos 2x
g(x) = —cos 2x

The graph of g is a reflection in
the x-axis of the graph of f.

20. f(x) = sinx, g(x) = sin 3x
The period of g is one-third the
period of f.

12.

15.

18.

21.

27
Period: — =4
eriod 1/2 T
5

5
Amplitude: ‘*’ =—
2] 2

.y = —COoS——

2 2

2
Period: - 7277 =4
b /2

3
Amplitude: |a| = 3

.y = 3sin 10x

. 27
Period: — = —
10 5

Amplitude: |3]| = 3

— 2 os X
YT L%y

27 2
Period: —=—=28
erio b 1/ T

5
Amplitude: |a| = 5

f(x) = sinx
g(x) = sin(x — )

The graph of g is a horizontal shift
to the right 7 units of the graph of
f (a phase shift).

f(x) = sin 3x, g(x) = sin(—3x)

g is a reflection of f about the
y-axis.

f(x) = sin 2x
f(x) =3 + sin 2x

The graph of g is a vertical shift
three units upward of the graph of f.
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22. f(x) = cos 4x, g(x) = —2 + cos 4x

23. The graph of g has twice the
amplitude as the graph of f. The

24. The period of g is one-third the

g is a vertical shift of ftwo units
downward.

25. The graph of g is a horizontal shift 7 units to the right of
the graph of f.

27. f(x) = —2sinx

2m 2
T_2T_ o

Period: b 1

Amplitude: 2
Symmetry: origin

Key points: Intercept Minimum

(0,0) (757 - 2)

Intercept

(. 0)

Maximum

[

period of f.

period is the same.

26. Shift the graph of f two units upward to obtain the graph
of g.

Intercept

37
X 0) (2w, 0)

Since g(x) = 4 sinx = (—2)f(x), generate key points for the graph of g(x) by multiplying

the y-coordinate of each key point of f(x) by —2.

28. f(x) = sinx

. 27 27 _
Period: b1 2m
Amplitude: 1
Symmetry: origin
Key points: Intercept Maximum Intercept Minimum Intercept
3
0,0) (g 1) (7,0) (7” —1> (2m,0)

Since g(x) = sin(i) =f <£> the graph of g(x) is the graph of f(x), but stretched horizontally by a factor of 3.

3 3

Generate key points for the graph of g(x) by multiplying the x-coordinate of each key point of f(x) by 3.

29. f(x) = cos x

2
Period: == = =% =
eriod b |

Amplitude: 1
Symmetry: y-axis

Minimum

Maximum

Key points: Maximum

(0, 1)

Intercept

(59

Intercept

(5

(m, —1) 2m 1)

Since g(x) = 1 + cos(x) = f(x) + 1, the graph of g(x) is the graph of f(x), but translated upward by one unit.
Generate key points for the graph of g(x) by adding 1 to the y-coordinate of each key point of f(x).
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30. f(x) = 2cos 2x y

27 2
Period: == = == =
eriod b > T

Amplitude: 2
Symmetry: y-axis

Key points: Maximum  Intercept Minimum Intercept Maximum

o () G (5 e

Since g(x) = —cos 4x = —% f(2x), the graph of g(x) is the graph of f(x), but

i) shrunk horizontally by a factor of 2,
ii) shrunk vertically by a factor of %, and
iii) reflected about the x-axis.
Generate key points for the graph of g(x) by
i) dividing the x-coordinate of each key point of f(x) by 2, and
ii) dividing the y-coordinate of each key point of f(x) by —2.
1

31. f(x) = —Esing v

iod: 2T _ 2m _
Period: b 12 =47

1
Amplitude: 5

Symmetry: origin

Key points: Intercept Minimum Intercept Maximum Intercept

(0, 0) (m —%) (2, 0) (377, %) (47, 0)

~ L
Since g(x) = 3 S sins =

Generate key points for the graph of g(x) by adding 3 to the y-coordinate of each key point of f(x).

3 — f(x), the graph of g(x) is the graph of f(x), but translated upward by three units.

32. f(x) = 4sin 7x y
Period: 2m = 2m =
b T

Amplitude: 4

Symmetry: origin

Key points: Intercept Maximum Intercept Minimum Intercept
(0,0) (1 2) (1,0) (§ —z) (2,0)
\ > ) > )

Since g(x) = 4 sin 7x — 3 = f(x) — 3, the graph of g(x) is the graph of f(x), but translated downward by three units.
Generate key points for the graph of g(x) by subtracting 3 from the y-coordinate of each key point of f(x).
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33.

f(x) = 2cos x y

. 27 2w 37
Period: b1 =27

Amplitude: 2

Symmetry: y-axis

Key points: Maximum  Intercept Minimum Intercept Maximum

(3 (5-0)

Since g(x) = 2 cos(x + @) = f(x + ), the graph of g(x) is the graph of f(x), but with a phase shift (horizontal translation)
of — 7. Generate key points for the graph of g(x) by shifting each key point of f(x) 7r units to the left.

(0,2) (m, —2) (2m,2)

377

34. f(x) = —cos x

27 27
Period: —=—=2
eriod b 1 T

Amplitude: 1
Symmetry: y-axis

Key points: Minimum

0, -1

Intercept

5o

(m,1)

Maximum

Intercept Minimum

(59

Q2m —1)

Since g(x) = —cos(x — @) = f(x — ), the graph of g(x) is the graph of f(x), but with a phase shift (horizontal translation)
of 7. Generate key points for the graph of g(x) by shifting each key point of f(x) 7 units to the right.

35. y =3sinx
Period: 27

Amplitude: 3
Key points:

0,0), (g 3), (,0),

(37” —3), (2, 0)

1
37. y =§cosx

Period: 27

1
Amplitude: 3

Key points:

(o3G0 (=3}

y
41
3
1+
24
3
3 il
3
221
3
—14
4l
3

z
2

1
36. y = —si
y 2 sin x
Period: 27
1
Amplitude: 1

Key points:

©0.0,(3.4). 0.

(Y ano

38. y =4cosx
Period: 27
Amplitude: 4

Key points:

(0,4), (’57 0), (m, —4),

£7.0) 0m
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X .
39. y = cos > y 40. y = sin 4x y
Period: 4 Period: m 27

Amplitude: 1
Key points:
0, 1), (m, 0), 2m, — 1),

(3w, 0), (4m 1) ol

41. y = cos 2mx

2
Period: T 1
27T

Amplitude: 1
Key points:

b)) B

43.y=—sin7m; a=—l,b=?, c=

2
Period: =T - 3
27/

Amplitude: 1

3 3 9
K ints: (0,0),({— —1),1=0/,{—=1),(3,0
ey poinss: 0.0, (3 -1).(20).(5.1). 6.0
¥
3L
.l
\ /-1 N /2 \ !
oy
3
45.y—sm<x—*),a—1,b=1,c—g
Period: 27
Amplitude: 1
SMﬁSax—g=0 mdx—§=2w
T 97
x=— x=—
4 4
T 3 S T
K ints: {—0),(— 1),(—0),{—, —1/,
& points <4 0)(4 )(4 0)(4 ><

42,

44.

2
Amplitude: 1

Key points:

00 (5.0) (7). B

. WX
y = sin— y
4

27
Period: — = 8
erio /4

Amplitude: 1

Key points:
(0,0), (2.1), 4,0),
(6, —1),(8,0)

X
= —10 —_
y COoS 6

2
777/6 =
Amplitude: 10
Key points:

(0, —10), (3, 0), (6, 10), (9, 0), (12, — 10)

Period: 12
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46. y = sin(x — ) 47. y = 3 cos(x + m)
Period: 27 Period: 27
Amplitude: 1 Amplitude: 3
Shift: Setx — 7#=0 and x— 7=27 Shift: Setx + 7=0 and x+ 7=27
x=a x =37 x=-7 x=m
. T T
Key points: (1, 0), (37“ 1), (2, 0), (5777 - 1), (3, 0) Key points: (-, 3), (*5, 0>, (0, =3), (5, 0), (,3)
2 6
2 ol
T . 2mx
48. y = 4 cos{x + — 49. y =2 — sin——
4 3
Period: 27 Period: 3
Amplitude: 4 Amplitude: 1
ift: T _ T _ . 3 3 9
Shift: Setx + 5 =0 and x4 =27 Key points: (0, 2), (Z’ 1)’ (5, 2>, (Z’ 3>, (3.2)

t
50. y = —3 + 5 cos —
12

Period: 24

2w _
/12
Amplitude: 5
Key points: (0, 2), (6, —3), (12, —8), (18, —3), (24, 2)
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1
51.y:2+Ecos607rx 52. y=2cosx — 3

) 2 1 Period: 27

Period: — = —
607 30 Amplitude: 2
1 .

Amplitude: 10 Key points:

; ; ; ™ 37
Vertical shift two units upward (0, —1), > -3, (m, —5), > -3),2m —1)
Key points:

(021)<L2)<i19)<i2><121)
=120 %) \60 ) a0 7) 300 T

y

53. y=3cos(x + m) — 3 y

Period: 27 4t
Amplitude: 3 2t
Shift: Setx + 7= 10 and x+ 7m=27 | /7\ = '
xX=- xX=1
Key points: (-0, (-2, -3). 0. =6). (3. =3). (= 0)
54.y:4cos<x+g)+4 y

Period: 27

Amplitude: 4

Shift: Setx+7ZT:0 and x+7l:277

. T T 37 S ks
Key points: < 4,8>, (4,4),( n ,0>, ( 1 ,4>, ( 2 ,8>

2 x T 2 1
55.y—3cos<2—4),a—3,b—z,c—

Period: 47

2
Amplitude: 3
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56. y = —3 cos(6x + )
27 T
Period: = = =
eriod: ~ = =~

Amplitude: 3
Shift: Set 6x + 7= 0 and 6x + 7 =27

X = — x =

ENE

m
6

. T T T T
Key points: < o 3), < 17 0), (0,3), <12, 0>, (6’

S

57. y = —2sin(4x + m) 58. y= —4 sin(%x - 7§T> 59. y = cos<277x - g) +1
. “Luﬂuﬂuﬂ nLUnUﬂUﬂl . B /\U[ UA’* ) ) {\ /\ /\ W; |

60. y =3 cos<% + g) —2 6. y = —0.1 sin(%‘ + 77> 62. y = ﬁsin 120 7t
6;\/ﬁ n\/s NN A F\. A

Vi RRVAVEVAY

63. f(x) = acosx +d

1
Amplitude: 5[3 —(-1]=2=a=2

Vertical shift one unit upward of
glx) =2cosx = d =1

Thus, f(x) = 2 cos x + 1.

65. f(x) = acosx +d
. 1
Amplitude: 5[8 -0]=4
Since f(x) is the graph of g(x) = 4 cos x reflected in the

x-axis and shifted vertically four units upward, we have
a= —4andd = 4. Thus, f(x) = —4 cosx + 4.

-0.12

-0.02

64. f(x) =acosx +d

. 1-(=3)
Amplitude: - = 2

1 =2cos0+d
d=1-2=—1
a=2,d=—1

66. f(x) =acosx + d

~2 - (-4
2

Amplitude: =1

Reflected in the x-axis: a = —1
—4=—1cos0+d

d=-3
a=—-1,d=-3
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67.

69.

71.

73.

74.

y = asin(bx — )
Amplitude: |a| = |3|

Since the graph is reflected in the x-axis, we have
a=—3.

2
Period:fzwzbZZ

Phase shift: ¢ = 0
Thus, y = —3 sin 2x.

y = asin(bx — ¢)
Amplitude: a = 2

Period: 27 = b =1

Phase shift: bx — ¢ = 0 when x = —g
) -eram e

. T
Thus, y = 2 sm(x + Z)

¥y, = sinx 2
_ 1 P AN AN
Y2 b \ —
A o
In the interval [— 2, 27,

. 1 S@
sinx = ——whenx = ——, ——,
2 6

Tm 117
6’ ’

6 6
Tt
= 0.85 sin —
y sin 3

. 2
(a) Time for one cycle = —— = 6 sec

/3
. 60 .
(b) Cycles per min = 3 = 10 cycles per min

(c) Amplitude: 0.85; Period: 6

3 9
Key points: (0, 0), (E 0.85), (3,0), (5, —0.85), (6,0)

1.75 sin -
v = 1. Sin —
2

(a) Period = = 4 seconds

2m
/2

L cycle 60 seconds

(b)

X = 15 cycles per minute
4 seconds 1 minute

68. y = asin(bx — ¢)

Amplitude: 2 = a =2

Period: 47

2 1
=3 bh=—
b TP,

Phase shift: ¢ = 0

a:2,b:%,c:0

70. y = asin(bx — ¢)

Amplitude: 2 = a =2

Period: 2
2777=4 = b=g
Phase shift: %= -1 = c= fg
a=2b=7.c=-7
72. y, = cosx

PN

=1 727\

Y, =y, whenx = m, —7 NS

NS
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75. y = 0.001 sin 8807t

. 2 1
(a) Period: —— = —— seconds
8807 440
1
(b) f= — = 440 cycles per second
p
1. 1
77. (a) a = E[hlgh — low] = 5[83.5 —29.6] = 26.95

p = 2[high time — low time] = 2[7 — 1] = 12

m_2m_m
p 12 6
C T
, =7 = c—7(6)~3.67

d= %[high + low] = %[83.5 +29.6] = 56.55

Clt) = 56.55 + 26.95 cos(%t - 3.67)

(b) 100

as®™ M,

0

The model is a good fit.

78. (a) and (c)

1.0
0.8+
0.6+

04+

Percent of moon’s
face illuminated

0.2+

10 20 30 40
Day of the year

Reasonably good fit
(d) Period is 29.6 days.
(e) March 12 = x =71. y = 044 = 44%

The Naval observatory says that 50% of
the moon’s face will be illuminated on
March 12, 2007.

76. P = 100 — 20 cos%

T 6 d
———,- = — Sseconds
Gm/3 5

1 heartbeat . 60 seconds
6/5 seconds

(a) Period:

(b)

. = 50 heartbeats per minute
1 minute

(c) 100

N

0

The model is a good fit.
(d) Tallahassee average maximum: 77.90°
Chicago average maximum: 56.55°
The constant term, d, gives the average maximum

temperature.

2
(e) The period for both models is 77; = 12 months.
This is as we expected since one full period is one
year.

(f) Chicago has the greater variability in temperature
throughout the year. The amplitude, a, determines this
variability since it is 3[high temp — low temp).

1 1
(b) Vertical shift: - = d = —
2 2
Amplitude: 1 = a= 1
phtude: 5 2
+8+7+6+
Period: §+8 5 6+8_ 7.4 (average length of interval in data)
2T _ 4(7.4) = 296
b
2
b= 206 0.21

Horizontal shift: 0.21(3 — 7.4) + C =0
C =0.92

1,1,
=~ + - sin(0.21x + 0.
y=5+5 sin(0.21x + 0.92)
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27t
79. C = 30.3 + 21.6sinl —— + 10.9
s1n<365 >

. 2
(a) Period = — = 365
21T

365

Yes, this is what is expected because there are
365 days in a year.

(b) The average daily fuel consumption is given by the
amount of the vertical shift (from 0) which is given
by the constant 30.3.

© o

0 365
0

The consumption exceeds 40 gallons per day when
124 < x < 252.

81. False. The graph of sin(x + 2) is the graph of sin(x)
translated to the left by one period, and the graphs are
indeed identical.

83. True.

. . T . T . Lo . .
Since cos x = sm(x + *), y = —cosx = —sm(x + 5), and so is a reflection in the x-axis of y = s1n<x + *).

2

84. Answers will vary.

86. f(x) = sinx, gx) = —cos(x + g)

=
=
(SIE}
3
|
[\)
3

—_
o
I
—_
o

sin x 0

—cos(x+721> 0|1 0 -110

2
80. (a) Period = —— = 12 minutes

(6
6

The wheel takes 12 minutes to revolve once.
(b) Amplitude: 50 feet

The radius of the wheel is 50 feet.

(c) 110

82. False.y = % cos 2x has an amplitude that is half that
of y = cos x. For y = a cos bx, the amplitude is |a].

T
2

85. y Since the graphs are the

same, the conjecture is that

sin(x) = cos(x — %T)
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. ¥ X X
87. () 2/\) (€ sinx~x =2+ =5
x2 o xS
,2,//_\ \\_//2” COSX”]*E+E*E
2 2
) A
The graphs are nearly the same for —721 <x< 721 e o e ﬂ\/ &
(b) 2 -2 -2
\ / . 37 37
. AW . The graphs now agree over a wider range, Ty <X<

88. (a)

©)

(e)

-2

The graphs are nearly the same for —g <x< g

11 (/2% (12 , 11
i =0 =i s = 04794 (b) sinl =1 =7 + o = 0.8417
Sm% ~ 0.4794 (by calculator) sin 1 =~ 0.8415 (by calculator)

(=0.5)2 (-0.5)*
o (7/6)>  (m/6) (d) cos(—0.5) =1 — T + TR 0.8776
smg~1f 3 S| =~ (0.5000 : :
’ ’ cos(—0.5) = 0.8776 (by calculator)

T
sin— = 0.5 (by calculator) 4)? 4)?

6 Y (M) cos~1- (”2{') (Wi‘) ~ 0.7074

1 1
cosl~1- 21 + 41 ~ 05417 cos% =~ (.7071 (by calculator)

cos 1 = 0.5403 (by calculator)

The error in the approximation is not the same in each case. The error appears to increase as x moves farther away from 0.

89. log,, Vx — 2 = log,o(x — 2)/2 = 1 log,,(x — 2) 90. log,[x*(x — 3)] = log, x> + log,(x — 3)

= 2log, x + log,(x — 3)

r z 1 z 1
91. ln[_l:lnt3—ln(t—1):3lnt—ln(t—1) 92. In Z2+I=Eln<zz+1)=5[lnz—ln(zz+l)]
— ll — 11 ( 2 + 1)
oMMk
93. 3 (log,o x + log,y ¥) = 7log;o(xy) 94. 2 log, x + log,(xy) = log, x* + log,(xy)
= log,, Vxy = log, x*(xy)
= log, ¥’y

95. In3x —4Iny = In3x — Iny*

3x
)
y4



386 Chapter 4 Trigonometry

96. %(anx —2Inx) +3Inx = %(ln2x —Inx?) + Inx?

1 2x
= E(ll’l;) + In x3

=1In \/% + Inx3
- ln<)‘3\/§>

= ln(x2 Zx)

Section 4.6

97. Answers will vary.

Graphs of Other Trigonometric Functions

B You should be able to graph
y = atan(bx — ¢)

y = asec(bx — ¢)

y = asin(bx — c¢) because

y = acot(bx — ¢)

y = acsc(bx — ¢)

B You should be able to graph using a damping factor.

(b) The maximums of sine and cosine are the local minimums of cosecant and secant.

(c) The minimums of sine and cosine are the local maximums of cosecant and secant.

B When graphing y = a sec(bx — ¢) or y = a csc(bx — ¢) you should first graph y = a cos(bx — ¢) or

(a) The x-intercepts of sine and cosine are the vertical asymptotes of cosecant and secant.

Vocabulary Check

1. vertical 2. reciprocal 3. damping 4. 7
5. x #nmw 6. (—oo, —1]U[1, c0) 7. 2
X 1
1. y = sec2x 2. y=tanz 3. y=_cotmx
2 2
Period'zl=7r Period: = =-"_—» o
"9 erod: b 12 ™ Period: e 1
Matches graph (e). Asymptotes: x = —m,x = T Matches graph (a).

Matches graph (c)

4. y = —cscx S.yzésec‘?
Period: 27 w2
Matches graph (d). Period: b N T/Z -4
Asymptotes: x = —1,x = 1

Matches graph (f).

X
6. y = —2sec——
y sec 5

. 27 2
Period: — = —— =
b /2

Asymptotes: x = —1,x = 1
Reflected in x-axis

Matches graph (b).
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—tan x

y =

Period:

Two consecutive asymptotes:

B
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y =

Period:

Two consecutive asymptotes:

&<
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10. y = —3tan wx

9. y = tan 3x

T
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asymptotes:
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14. y = 3 csc4x

13. y = csc mx
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B
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16. y = —2sec4x + 2
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15. y=secax — 1

388
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24. y = tan(x + )

Period: 7

Two consecutive
asymptotes:

mx

23. y = tan—
y=tan—

_m
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28. y = —secmx + 1

27. y = 2sec(x + m)
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X
31. y =tan—
y = tan 3

5

32. y = —tan 2x

3

33. y= —2secdx =

-2
cos 4x

LY A IRARE
[ A b
34'y:sec’”:>yzcos(17m) 35-y=tan(x*§> 36.y:*cot<x—g>
: s _ 1
S vy ) 37/! ) ) e, 4tan<x—g)
) nln o T —

37. y = —csc(dx — m)

-1

Y7 sin(dx — m

39. y=0‘1tan<%x+g> J 06 j
Crrd
-0.6
41. tanx = 1 42. tanx = /3
_ _Jm 3w @ 5w _ 5T _
o 4 44 4 Ty

SIS
N

38. y=2sec2x — m) =

2 VRV,
Y cos(2x — m) o
-4
1 TX T 1
40. y = —sec|— + — =
0. y 3sec(2 2):>y <7T)C 7;-)
3cos|— + —
2 2
2
TUyU]
-2
43.c0tx=f£
3
27 @ 4w 47 w 27 Sw
3733 SR R N R Y
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44. cotx = 1 45, secx = =2 46. secx = 2
o= _Jm _3m @ Sm _ 2T AT = O _mmSmw
47 4744 TTET 3'3°33
y y Yy
\}: \} :\/ U : U b C
N N I
X -2r : - : : k3 : 3 72'75 i 77': i i ;r i 2'75
23
47. cscx = V2 y 48. cscx = fo y
Tm 57 w37 ) Agr 5 i 3 i
AT T O T . S LA KL E 24 E
4 474" 4 X 37333 : 1 :
! IR R
2 1 2 2 1 2
49. f(x) =secx = 1 y 50 f(x) = tanx y
Cos X X .1y . . )
F(=2) = sec(—2) E 530 E E tan(—x) = —tan x
1 i /! i Thus, the function is odd
= cos(—x) VL s and the graph of y = tan x
A A 2 is symmetric about the origin. _xx /' _x =
1 1 1 1 1 E E :
"~ cosx | | | | | | !
- ) ! ! ! ! | | .

Thus, f(x) = sec x is an even function and the graph has
y-axis symmetry.
51. f(x) = 2sinx

1
glx) = 5 esex

(@

8

5
(b) f> gonthe interval,g <x< ?77
(¢) Asx —, f(x) = 2sinx — 0 and
g(x) = 5 csc x — +oo since g(x) is
the reciprocal of f(x).

X 1 X

52. f(x) = tan —, g(x) = = sec —

2 2 2

(@) 3

e |

(b) The interval in which f < gis (— 1, %)
(c) The interval in which 2f < 2g is (— 1, %),

which is the same interval as part (b).
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53. y, =sinxcscx and y, = 1

55.

57.

59.

61.

2

-2

) =1,sinx # 0
sin x

sin x ¢csc x = sin x(

The expressions are equivalent except when sinx = 0
and y, is undefined.

Cos X 1
Y= and y, = cotx = ——
sin x tan x
COS X
cotx = — 4
sin x

A
IR

-4

L
I

The expressions are equivalent.

f(x) = |xcos x|
As x — 0, f(x) — 0 and f(x) > 0.
Matches graph (d).

g(x) = |x| sinx

As x — 0, g(x) — 0 and g(x) is odd.
Matches graph (b).

f(x) = sinx + cos(x + g) y

g) =0 )

fx) = gx) I

The graph is the line y = 0. E R
—24

f(x) = sin®x v

g(x) = =(1 — cos 2x) T

109 = g2) |
-1+

54. y, = sinxsecx,y, = tanx

4

U
(AL

-4

. . 1 sin x
sin x sec x = sin x =
COSX  COSX

The expressions are equivalent.

56. y, = sec’x — 1,y, = tan’x

= tan x

1 + tan®x = sec? x

tanx = sec®x — 1 an

The expressions are equivalent.

58. f(x) = xsinx

Matches graph (a) as x — 0, f(x) — 0.

60. g(x) = |x| cos x
Matches graph (c) as x — 0, g(x) — 0.

62. f(x) = sinx — cos<x + g)

g(x) = 2sinx

It appears that f(x) = g(x).
That is,

. T .
sin x — cos(x + 5) = 2sinx.

64. f(x) = cosz%

glx) = %(1 + cos mx)

It appears that f(x) = g(x).
That is,

1
cos? = = 5(1 + cos mx). 1l

2
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65. g(x) = ¢ /2 sinx !
_e*X2/2 < g(x) < e*,\‘z/Z K

The damping factor is y = ¢~ **/2.

Asx — oo, g(x) —0. -1
66. f(x) = e *cosx 67. f(x) = 27*/* cos mx 68. h(x) = 27"/4sinx
Damping factor: e™* =27 < flx) < 274 Damping factor: 27*"/4
3 Damping factor: y = 274, !

LA 6 LN |
| - )

-6

Y

As x—o0, f(x) = 0.

6 4
69.y=;+cosx,x>0 70. y = — + sin2x,x > 0 71. gx) =
X

6 2

6
0 \A ﬂvﬂ\j’/ 8r o SN A o S o7

TORTRTARRT

-2 iy —1

Asx > 0, y > oo. Asx = 0, glx) - L

Asx — 0,y — oco.

- 1 |
72, f(x) = 7;’0” 73. f(x) = sin T4, h(v) = xsin_
2
1 2

-2
-1 -1

As x — 0, f(x) oscillates

Asx - 0, f(x) > 0. between —1 and 1.

As x — 0, h(x) oscillates.

7 27
75. t =— 76. =—
an x p COS X ”
7 7
d= = Tcotx d= =27secx,—z<x<z
tan x cos x 2 2
d d

s =

1 1 1
1 1 1
1 1 1
H | 60 |
[ (5] 1 1
2 6 . g |
g, ' g 40 X
< = 1 1
k) ' | x a |
E 2 P NG/ S I 20 I
2 4 2 4 \ ! 1
& o . L L
! } ! | ! }
-10 ' .z 0 T T
I 2 i 2
1

|
=

Angle of elevation Angle of camera
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77. C = 5000 + 2000 sin 1—7’; R = 25,000 + 15,000 cos%

(@)

(b)

©

50,000

VY

0

As the predator population increases, the number of prey decreases. When the number of prey is small,
the number of predators decreases.

The period for both C and R is:
2
p= 12 24 months

When the prey population is highest, the predator population is increasing most rapidly.
When the prey population is lowest, the predator population is decreasing most rapidly.
When the predator population is lowest, the prey population is increasing most rapidly.

When the predator population is highest, the prey population is decreasing most rapidly.

In addition, weather, food sources for the prey, hunting, all affect the populations of both the predator and the prey.

78. S = 74 + 3t — 40 cos

6

Lawn mower sales
(in thousands of units)

150
135
120
105

75
60
45
30
15
t
2 4 6 8 10 12

Month (1 <> January)

t t
79. H(1) = 54.33 — 20.38 cos% ~ 15.69 sin%

t t
L) = 39.36 — 15.70 cos% ~ 14.16 sin%

(@)

80. (a)

Tt 2

Period of — — =12
eriod of cos 6" w6
t 2
Period of sinlz =T - 12
6 /6

Period of H(#): 12 months

Period of L(¢): 12 months

o
[—=
==
[=
F=
-]

)

1
—e~ /4 cos 4

(b) The displacement is a damped sine wave.

y — 0 as ¢ increases.

81.

(b) From the graph, it appears that the greatest difference
between high and low temperatures occurs in summer.
The smallest difference occurs in winter.

(c) The highest high and low temperatures appear to
occur around the middle of July, roughly one month
after the time when the sun is northernmost in the sky.

True. Since
1

sin x’

y =cscx =

for a given value of x, the y-coordinate of csc x is the
reciprocal of the y-coordinate of sin x.
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82. True. 83. Asx — g from the left, f(x) = tan x — oo.

= = m .
YT S = s x Asx — 2 from the right, f(x) = tanx — —oco.

If the reciprocal of y = sin x is translated 77/2 units to the
left, we have

1

= . T - CcoSs x
sm(x + E)

= Sec x.

84. As x — ar from the left, f(x) = cscx — oo,

As x — r from the right, f(x) = cscx — —oo,

85. f(x) = x — cos x
(a) 2 (b) x, = cos(x,_,)

/ Xo=1
-3 3

x, = cos 1 = 0.5403
]

> x, = cos 0.5403 = 0.8576

The zero between 0 and 1 occurs at x = 0.7391. x; = cos 0.8576 = 0.6543
x4 = cos 0.6543 =~ 0.7935
x5 = cos 0.7935 = 0.7014
Xg = cos 0.7014 = 0.7640
x; = cos 0.7640 = 0.7221
xg = cos 0.7221 = 0.7504
X9 = co0s 0.7504 = 0.7314

This sequence appears to be approaching the zero
of f1 x = 0.7391.

86. y = tanx 6 87. y, = secx 6

=x+ E + ixs 3 J //r/ /} 3 =1+ x: + % “& _/J/
YEXT R T S 5( ( & R TR s
The graphs are nearly the The graph appears to m m

olg

same for —1.1 < x < 1.1. -6 coincide on the interval -6
—-1.1<x< 1.1,
88. (a) = i(Sin 7 + lsin 3 x) = i(sin X + lsin 3mx + lsin5 x)
AR 3 ST 2T 3 5o
2 2

A O o
Wl W b Ld b,

1 72

- -2

—CONTINUED—
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88. —CONTINUED—

bod of L

-2

4/ . 1 . 1. 1 . 1 .
) y, = ;(sm x + — sin 37mx + — sin S7x + 7 sin 77x + §s1n 9’7TX>

3 5

4/ . 1 . 1 . 1 .
—{ sin 7mx + = sin 37x + —sin S7x + ;sm Tax
T

89. ¢ =54 90. 8% =98 91. 3007 = 100
1 +e™*
2x = In 54 3x = logg 98 300 _ 4
W e
In 54 In 98 100
x === 1.9% X =3g 073 3=1+ e
2=
In2= —x
x=—In2= —0.693
0.15 365¢
vy - —2)=
92 (1 365) 93. n(3x —2) =73
_ 9= ,73
1+ 015 1.00041096 A
365 N 3x =2+ 673
1.00041096%% = 2+
X = 3
365t = lo 5
£1.00041096 ~ 1.684 % 103!

f= L( logy 5
365 \log,, 1.00041096
94. In(14 — 2x) = 68
14 — 2x = %
14 — €% = 2x
_ 68
x= 14% ~ —1.702 x 10

96. InVx+4=5

shn(x +4) =5
In(x + 4) = 10
x+4=¢0
x=¢e0—14
=~ 22,022.466

97. loggx + logg(x — 1) =

) ~ 10.732

95. In(x*> + 1) = 3.2

logg[x(x — 1)] =

X2+ 1=¢32
2=e32—

x=%+e3? — 1 ==+4851

98. logg x + loge(x? — 1) = logy(64x)
logg(x(x> — 1)) = log,(64x)

x(x — 1) =873 x(x2 — 1) = 64x
X2=—x=2 x2—1=64
¥*=x=-2=0 x==+/65

x—2x+1=0

x=2 -1

Since — /65 is not in the domain
of logg x, the only solution is
x = /65 = 8.062.

x = —1 is extraneous (not in the
domain of logg x) so only x = 2 is
a solution.
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Section 4.7 Inverse Trigonometric Functions

B You should know the definitions, domains, and ranges of y = arcsin x, y = arccos x, and y = arctan x.

Function Domain Range
. . T T
y =arcsinx = x =siny —1<x<1 _ESySE
y = arccos x => X = cosy —1<x<1 0<y<w
™ ™
y=arctanx = x =tany —00 <X < o0 *E<x<5

B You should know the inverse properties of the inverse trigonometric functions.

sy <5

sin(arcsin x) = x and arcsin(siny) = y, B

cos(arccos x) = x and arccos(cosy) =y,0 <y < 7

T T
tan(arctan x) = x and arctan(tan y) = y, S <y<y

B You should be able to use the triangle technique to convert trigonometric functions of inverse trigonometric functions
into algebraic expressions.

Vocabulary Check

Alternative
Function Notation Domain Range
1. y = arcsin x y =sin"'x —1<x<1 —gSysg
2. y = arccos x y=cos 'x -1<x<1 0O<y<w
™ ™
3. y = arctan x y=tan 'x —00 < X < 00 5 <Y<y
1 1 T T T T T
1. y=arcsin- = siny=—-for——<y<—- = y=— 2. y=arcsin0 = siny=0for——<y<—- = y=0
y 1 5 mny 5 5 y ) y 6 y 1 n y 5 y B y
1 1 ™ T
3.y=arccos§:>cosy=5for0£yﬁrr:>y=§ 4. y = arccos 0 = cosy=0f0r0£y£77:>y=5
3 3
5. y= arctanT = tany = % for 6. y = arctan(—1) = tany = —1 for

a 77':>
T, T _
2 SV, 7Y

T T T
2SSy TV T Ty

SNE



398 Chapter 4 Trigonometry
V3 V3 (2 . V2
7. y = arccos| ——— | = cosy = ——— for 8. y=arcsin| ——— | = siny = ———for
2 2 2 2
0<y< = y = 5—77 -7 <y< 7—7 = y = -
sysm Y% 2=7=7 Y 4

11.

13.

15.

17.

19.

21.

23.

26.

28.

31.

34.

Ly = arctan(—\/g) = tany = —/3 for

T T .7
2 SV, YTy

1 1
y= arccos(—5> = cosy = —3 for

2
0£y£77:>y:?
V3 _ V3
y = arcsin —— = siny = —— for
2 2
T T,
2772 7TV

y:arctanO:>tany:0for—g<y<g:>y20

f(x) = sinx 1

g(x) = arcsin x

y=x

arccos 0.28 = cos~10.28 = 1.29
arcsin(—0.75) = sin~'(—0.75) = —0.85
arctan(—3) = tan~'(—3) = —1.25
arccos 0.26 =~ 1.31

arcsin(—0.125) = —0.13

arcsin(3) = sin~1(0.75) = 0.85

arctan(—%) =~ —1.50

24. arctan 15 = 1.50

10.

12.

14.

16.

y = arctan(\/g) = tany = \/gfor

T T T
2 SV T YTy

. N2 , J2
y = arcsmT = siny = Tfor

|
2l
IN
~
IN
01y

= y=

S

V3 V3
y = arctan BEY = tany = —Tfor

7T< ’7T:>
T T _
2 =Y, 7Y

SNE

y=arccosl = cosy=1for0<y<7 = y=0

18. f(x) = tan x and g(x) = arctan x 2

20.

22,

27.

29, arctan 0.92 = tan=' 0.92 = (.74

32. arccos(—%) ~ 191

35.

Graph y, = tanx.

A

[SE)

Graph y, = tan™ ! x. g

Graph y, = x. 2
arcsin 0.45 = 0.47
arccos(—0.7) = 2.35

25. arcsin 0.31 = sin~! 0.31 = 0.32
arccos(—0.41) = cos™!(—0.41) = 1.99
30. arctan 2.8 = 1.23

33. arctan(%) = tan"!(3.5) = 1.29

This is the graph of y = arctan x. The coordinates are

(53 (g (1)
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36.

38.

40.

42.

45.

48.

50.

arccos(—1) =

( 1) 27
arccos| —— | = —
2

3
cos(g) = ?

x+1

4
cos 0 = —
X
4
6 = arccos —
x
tan 0 x+ 1
an 0 =
10
(x + 1)
6 = arctan
10
tan x—1 1
an 0 = =
X—-1 x+1
6 = arctan
x # 1
cos[arccos(—0.1)] = —0.1

< 77T> T
arccos| cos — | = arccos 0 = —
2 2

T, . . .
Note: > is not in the range of the arccosine function.

Let u = arcsin g,

T

4
sinu =—-,0<u<—,
5 2

sec(arcsin g) =secu = —.

5
3

X
37. tan 0 = —
an 2
6 = arctan z
4
+2
39. sin 6 = al
5
) <x + 2)
6 = arcsin
5
41. cos 0 = x+3
2x

+
6= arccos(x 3)
X

2

43. sin(arcsin 0.3) = 0.3

46. sin[arcsin(—0.2)] = —0.2

3
49. Let y = arctan Z’

3
tany ==, 0 -
any 4 <y<2

3
and siny = 5

51. Let y = arctan 2,

2
tany=2=*,0<y<g,

1

1
andcosy=ﬁ=

X
//_l
x+2
[°]
2)

4
5
X
A\ N
x+3

44. tan(arctan 25) = 25

47. arcsin(sin 377) = arcsin(0) = 0

Note: 37 is not in the range of
the arcsine function.

w

399
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5
52. Let u = arccos R 53. Let y = arcsin e

5 .5 T _
cosu:?,0<u<g, smy—g,0<y<5,andcosy—g.
. 5) , 2 25
sinfarccos — | = sinu = —= = ——.
5 J5 5
V5 2
13
u 5
1 i R
2
54, Let t( 5) 55. Let t(3>
. = arctan| —— |, : - -
etu 12 et y = arctan 5
5 w 3 = V34
-2 _n t =——, ——= 0, and =—
tan u = ) <u<0, an y 5 <y < 0,and secy 5
[aen( ) S
csc| arctan| —— || = cscu = ——.
12 5
5 X
y
V3 -
12

-5

3 2
56. Letu = arcsin<fz), 57. Lety = arccos<—§>,
V5

3 @ _.2m dsiny = 22
sinu:—Z,—5<u<0, cosy=—3 5 <y<mandsiny =
t[ ~(_§)]—t _ 3 _ .3
an| arcsin{ —— an u Nl .

5 3
V7 y .
2
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5
58. Let u = arctan Py

— é 0 lT \/@ 5
tanu—g, <u<2, .
8
cot(arctan 5) cot 8
-] = u=_.
8 5

x
60. Let u = arctan x, tanu = x = T’

X

J2+1

sin(arctan x) = sinu =

X2+ 1

62. Let u = arctan 3x,

3x
tanu = 3x = T,
/042
sec(arctan 3x) = secu = /9x* + 1. e
u
1
64. Let u = arcsin(x — 1),
-1
sinu=x—1= X 2
1
. 1
seclarcsin(x — 1)] = secu = ——.
2x — x?

1
66. Let u = arctan —,
X

tanu = —,
X

//I
1
u

X

1
cot(arctan *) =cotu = x.
X

3x

59. Let y = arctan x,

X
tany = x = —,
1
1
and coty = —.
X

61. Let y = arcsin(2x),

siny = 2x = —,

63. Let y = arccos x,
g |
cosy=x=-,
Y 1

andsiny = /1 — x%

65. Lety = arccos(%),

x
cosy = 7

V9 — x?
-

and tany =

2
X

67. Let y = arctan %,
X VxZ+2
tany = —=,
any 2 x
VX +2
andcscy = ——. Y
NG
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—h
68. Letu = arcsinx .
r
. —h
sinu = , r
r x—h
( . xfh> Jrr—(x — h)?
cos| arcsin =cosuy=—"—"—""—.
r r
u []
V= (x—h)?
69. /(x) = sin(arctan 2v), g(x) = ——— 2
. = sin n 2x), =
x) = sin(arctan 2x), g(x Tt L
They are equal. Let y = arctan 2x, -3 3
y q y A
2x
tany = 2x = T’ oy
and sin z
ndsiny = —F——.
YT Tt Ji+a2
2x
2x
glx) = T ae =) v
The graph has horizontal asymptotes at y = +1. . 1
X 2 9
70. f(x) = tan| arccos B \ 71. Lety = arctan —.
X
N/ - ’ =2 dsiny = ——2 N
g(x) = . tan y xand sin y m,x > 0; m,x < 0.
-2 Thus,
Asymptote: x = 0 9
These are equal because: arcsiny = ﬁ’ x>0
X 2
Let u = arccos > 4 - x? 0.
X
flx) = tan(arccos *) = tanu
2 Lo [
X
V4 — x?
=——=3g
X
Thus, f(x) = g(x).
36 — x? 3
72. If in——=u, 73. Lety = ————— Then,
arcsin 6 u 3. Lety = arccos NESTESD en
. /36 — x2 _ 3 _ 3
then sinu = —— 6 i VT a0 Jr-1P 9
36 —x
V36 — x? . |x — 1]
arcsinTx = arccos % and sin y = G-12+09
f |x — 1]

Thus, y = arcsin ——————.
x VX2 =2x+ 10
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-2
74. If arccos ol = u, 75. y = 2 arccos x
Domain: —1 <x <1
then cos u = x—2
2 7 Range: 0 < y < 27
arccos —— 2_ arctan L;Z This is the graph of f(x) = arccos x with a factor of 2.
X —
21+
2
4y —x2 A
u + x
- -2 -1 1 2
X ,
76. y = arcsin - y 77. f(x) = arcsin(x — 1) y
T Domain: 0 < x < 2 T

Domain: —2 < x <2

1 Range: Ty T i
Range:—ﬂ-SySE , , . > x £ 2_y_2 } / —> x
2 2 -2 12 o -1 / 23
This is the graph of 1 This is the graph of |
f(x) = arcsin x with a g(x) = arcsin(x) shifted
horizontal stretch of a M one unit to the right. T
factor of 2.
78. g(t) = arccos(t + 2) y 79. f(x) = arctan 2x y
Domain: —3 <t < —1 T Domain: all real numbers Tt
R :0<y< T 1
ange ye=m Range: T <y< T
This is the graph of + 2 2 } x
y = arccos # shifted This is the graph of - 2
two units to the left. T g(x) = arctan(x) with a )l
—t—— ' horizontal stretch of a —n4
I factor of 2.
T N 1 —?
80. f(x) = 5 + arctan x 81. h(v) = tan(arccos v) = ———
L v
Domain: all real numbers -t Domain: —1 <v<1,v#0

Range: 0 <y < =w /——_ Range: all real numbers
This is the graph of —"‘/ > x y

y = arctan x shifted
upward 7r/2 units. ] !
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82. f(x) = arccos%

Domain: —4 < x < 4

Range: 0 <y < 7

/

83. f(x) = 2 arccos(2x)

84. f(x) = r arcsin(4x)

2m

Ean

-0.5

87. f(x) = 7 — arcsin(%) =~ 2412

4

85.

f(x) = arctan(2x — 3)

ks

L

-2 _'_'_./r 4

27

N
N

0

86. f(x) = —3 + arctan(7x)

s
2

—
I

-2

1
88. f(x) = g + arccos<*> ~ 2.82

3
89. f(1) = 3cos 2t + 3sin2t = /32 + 32 sin(Zt + arctan g)

,

4

= 3/2 sin(2r + arctan 1)

=32 sin(Zt + f)

The graph implies that the identity is true.

90. f(1) = 4 cos 7t + 3 sin 7t
4
= /4% + 32 sin(wt + arctan g)

4
=5 sin(ﬂ-t + arctan g)

(i

LA
VY

VY

The graph implies that

-6

A
A cos wt + B sin wt = /A% + B? sin<wt + arctan E)

is true.

@

i
TAY,

A

5
91. (a) sinf = —
s

6 = arcsin —

s

(b) 40: 6 = arcsin > 0.13
s =40: 0= — = 0.
40

5
=20: 0= in — = 0.25
s arcsin 20
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92. (a) tan O = % 93. B = arctan 214
s (a) 15

0 = arctan ——

arctan 750
(b) When s = 300,

300 ° °
0 = arctan —— =~ 0.38 =~ 21.8°.

arctan 750

When s = 1200,
00

6 = arct ~ 1.01 = 58.0°.
arctan 750

11
9. tan = —
(a) tan 17

11
0= arctanﬁ =~ (0.5743 = 32.9°

(b) r = 3(40) = 20

tan0=ﬁ=f
r

h=20tan 6 = 20 - % =~ 12.94 feet

6
96. (a) tan 0 = —
x

6
6 = arctan —
X
(b) x = 7 miles
6
6= arctan; = 0.71 = 40.6°
x = 1 mile

6
0= arctanT =~ 1.41 =~ 80.5°

98. False.

S, . .
~— is not in the range of arcsin(x).

6
arcsin — = z
2 6
100. False.

-0.5

(b) Bis maximum when x = 2 feet.

(c) The graph has a horizontal asymptote at 8 = 0.

As x increases, 3 decreases.

95.

97

9

20 fit
~

41 ft

20
tan 0 = —
(a) tan a1
0 t <20> 26.0°
= arctan| — | = 26.
41

h

b) tan 26° = —

(b) tan 50

h = 50 tan 26° = 24.39 feet

X
. tan 6 = —
(a) tan 20
6 = arctan —

= arctan —

20

5
b = 5: 0 = arctan — = 14.0°
(b) x arcan20

x=12: 0= arctanB = 31.0°
20

9. False.

S, . .
s not in the range of the arctangent function.

arctan 1 = z
4

arctan x is defined for all real x, but arcsin x and arccos x require —1 < x < 1.

arcsin 1
arccos 1

Also, for example, arctan 1 #

arcsin 1 /2

T
Since arctan 1 = —, but =
4 arccos 1 0

—— = undefined.
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101. y = arccot x if and only if cot y = x. 102. y = arcsec x if and only if sec y = x where
Domain: —oo < x < oo 1 xS—1Ux21and0£y<gandg<yﬁﬂ'.
Range: 0 <x <m  _______ L e The domain of y = arcsec x is (—oo, —1]U[1, o0)

. T T
\ and the range is [0, 2> U (2, 77].
2
\ ,

103. y = arccsc x if and only if cscy = x. y

Domain: (—oo, —1]U[1, o0)

ar ar
R |l —==0JUl0,—
ange[ 2’) ( 2}

104. (a) y=arcsecﬁ:>secy=ﬁand0£y<gug<y377:>y:g

(b) y = arcsec 1 :>secy=1and0£y<gug<y3w:>y=0

5
(©) y=arccot(f\/§) = coty=—3and0<y< 7 = y=?’ﬂ

(d) y=arccch:>cscy=2and—§£y<0U0<ysg:> yzg

105. Area = arctan b — arctan a 106. f(x) = Jx
(@ a=0b=1 g(x) = 6 arctan x
Area = arctan 1 — arctan 0 = T 0= T fa
4 4
(b)ya=—1,b=1 :
Area = arctan 1 — arctan(—1) !
0 6
_T_ (_E> _T ’
4 4 2 As x increases to infinity, g approaches 3, but f has
© a=0,b=3 no maximum. Using the solve feature of the graphing

utility, you find a = 87.54.
Area = arctan 3 — arctan 0

=125-0=1.25
da=—-1,b=3
Area = arctan 3 — arctan(—1)

~ 125 — (—7—7> ~2.03
4
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107. f(x) = sin(x), f~'(x) = arcsin(x)
(a) f+ f~! = sin(arcsin x)

2

-2

f~'« f= arcsin(sin x)

2

-2

(b) The graphs coincide with the graph of y = x only for certain values of x.

f+f~' = xoverits entire domain, —1 < x < 1.

. T T . . .
f~'+ f= x over the region ) <x< 7 corresponding to the region where sin x is

one-to-one and thus has an inverse.

108. (a) Let y = arcsin(—x). Then,

siny = —x
—siny = x
sin(—y) = x

—y = arcsin x
y = —arcsin x.

Therefore, arcsin(—x) = — arcsin x.

a
(c) Lety, = 50

1
arctan x + arctan— =y, + y,
X

T
=nt o M) T

.

1 — 2

. .X X
€) arcsin x = arcsin — = arctan —F————
© ] =

109. (8.2)%4 =~ 1279.284

2

(b) Let y = arctan(—x). Then,

T
——<y<

tany = —x,
any =y

2
—tany = x

an\ — =X, ——_— < —y< —_
Y 2=V 3

arctan(tan(—y)) = arctan x
—y = arctan x
y = —arctan x

Thus, arctan(—x) = —arctan(x).

(d) Let @ = arcsin x and 8 = arccos x, then sin @ = x and
cos B = x. Thus, sin @ = cos 8 which implies that & and

[ are complementary angles and we have

T
+ = —
a+ B )
. T
arcsin x + arccos x = E
10 10

110. 10(14)72 = — = — =~ 0.051

1427 196



408 Chapter 4 Trigonometry

111. (1.1)%° = 117.391 112. 16727 = = ~ 2718 x 1078
. 3 opp
113. sinf =~ =— 114. tan 6 = 2
4 hyp
(adj)® + (3)2 = (4) 4 s hyp = V12 + 22 =5
(adj)> +9 =16 0 1
cos 0 = ——
(adj)2 =7 A [ ] \/g
. 2
adj = V7 sin @ = —
1 NG
COS0=£ 1
4 cot § = )
337
tan = —= = —— =
N 7 sec = 5
1
cotezﬁ CSCO_E‘B
3
wcpo b 4T
NG 7
4
csc O = 3
115. cos =2 =24 116. sec 0 = 3
6 hyp
(opp) + (52 = (6 ¢ opp = V3T
(opp)? + 25 = 36 A - A
(opp)? = 11 > =22
opp = V11 0056:%
Y1
SIHO—T ) 2.2
sin 6 = 3
V11
tan 6 = 5 tan 6 = 22
5 5V sec § =
cotf=——==——
V11 11 3 372
csc=—==——
6 2.2 4
sec 0 = —
i cotG—L _ 2
611 22 4

w

>
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117. Let x = the number of people presently in the group. Each person’s share is now 250,000/ x.
If two more join the group, each person’s share would then be 250,000/ (x + 2).

Share per person with _ Original share 6250
two more people per person

250,000 250,000
x+ 2 X

— 6250

250,000x = 250,000(x + 2) — 6250x(x + 2)
250,000x = 250,000x + 500,000 — 6250x*> — 12500x
6250x% + 12500x — 500,000 = 0
6250(x> + 2x — 80) = 0
6250(x + 10)(x — 8)

0

x=—10 or x =38
x = — 10 is not possible.

There were 8 people in the original group.

118. Rate downstream: 18 + x

Rate upstream: 18 — x

. . d
rate X time = distance = t = —
,

(Time to go upstream) + (Time to go downstream) = 4
183i X * 183-5i- X =4
35(18 + x) + 35(18 — x) = 4(18 — x)(18 + x)

630 + 35x + 630 — 35x = 4(324 — x?)

1260 = 4(324 — 22)

315 = 324 — x?
x>=9
x =43
The speed of the current is 3 miles per hour.
0.035\@(10)
119. (a) A = 15,000(1 + T) ~ $21,253.63 120. Data: (2, 742,000), (4, 632,000)
0.035(12)(10) To find: (8, y)
(b) A= 15,000(1 2 ) ~ $21,275.17 Assume: R
0.035)(365)(10) 742,000 = Pje "2
(c) A = 15,000(1 + %> ~ $21,285.66 o¢

632,000 = Pye"*
d) A

(0.035)(10) ~
15,000e $21,286.01 Pt 632

P2 742

Then: e "2

y = Poe*r-S = P()e*r-4 . e*r-4
= 632,000 - (e~ 22

632)?
= 632,000 - <m>

= 458,504.31
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Section 4.8  Applications and Models

B You should be able to solve right triangles.

B You should be able to solve right triangle applications.

B You should be able to solve applications of simple harmonic motion.

Vocabulary Check
1. elevation; depression

3. harmonic motion

2. bearing

1. Given: A =20° b =10

tan A =% — a=bhtanA = 10 tan 20° ~ 3.64
1
cosA=é:>c= b = 0 =~ 10.64
c cos A cos 20°
B =90°—-20°=70° B
20°
c b=10
3. Given: B=171° b =24
b b 24
tanB=— = a = = =~ 8.26
a tan B tan71°
b b 24
sinB=— = ¢ = — = — ~ 25.38
c sinB  sin71°
A =90°—171°=19°
B
RS ¢
c b=24 A
5. Given: a =6, b = 10
t=a>+b* = c= 36+ 100
=234 = 11.66
6 3
tanA = % = 10 = A= arctang =~ 30.96°
B = 90° — 30.96° = 59.04°
B
a:6 c

2. Given: B=54°¢c =15

A=90°—-B
= 90° — 54° = 36°

b
sinB=—- = b =csinB
c

15 sin 54° = 12.14

cosB:g = a = ccos B = 15cos 54° = 8.82
c

. Given: A = 84° a = 40.5

B=90°—-A
= 90° — 8.4° = 81.6°

a a
tan A =; = b= on A
40.5
= tan 8.4° ~ 274.27
sinA=% o =9 =305 004
c sinA  sin 8.4°
B
a=405 c 84
c b A
. Given: a = 25,¢c = 35 B
b=V -a s c=35
= /352 - 252
= /600 = 24.49 c b A

. a .a
sinA = — = A = arcsin—
c c
25
= arcsin — = 45.58°
35

25
cos B = 4 = B = arccosg = alrccosf5 = 44.42°
c
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7. Given: b = 16, ¢ = 52 B
a = /52% — 16>
= /2448 = 12/17 = 49.48

a c=52
A 16
COsA = —
52

16 ml
A= arccos§ =~ 72.08° CHz1g A

B =90° — 72.08° = 17.92°

9. Given: A = 12°15’, ¢ = 430.5
B =90° — 12° 15" = 77°45’

sin 12°15" = ——

430.5
a = 430.5 sin 12°15" ~ 91.34
b
12015 = —>—
cos 4305

b = 430.5 cos 12°15” = 420.70

B
12°15
c b A
11. tan 6 h = h 1bt 7]
Ltanf=—— = —btan
(1/2)b 2

1
h= 5(4) tan 52° = 2.56 inches

h _1
13. tan 6 = (1/2)b = h= 2btan0

h = %(46) tan 41° = 19.99 inches

'h
1

0 C 0

\<—%b —>I<—%b —

b

8. Given: b = 1.32,¢c =945
a = Jc?— b>= /87.5601 = 9.36

b b 1.32
coSA = — = A = arccos — = arccos —— =~ 81.97°
c c 9.45

. b .
sinB = — = B = arcsin —
c c

. 1.32
= arcsin " ¢ ol \e=945

~ 8.03°
b=1.32

10. Given: B =65°12",a = 14.2
A=90°— B =090°—65°12" = 24°48’
a 14.2

a
B="- = = ~ 33.
cos c = cos B cos 65° 127 33.85

b
tanB =— = b =atan B = 14.2 tan 65° 12" = 30.73
a

B

= 142|912 <

1
—btan 0

h
12. tanG_(l/Z)b :>h—2

h= %(10) tan 18° = 1.62 meters

'h
1
0 C 0

|<—%b — - %b —

b

= h:lbtane

h
14. tan 6 = 1/2b >

h= %(11) tan 27° = 2.80 feet

:h
0 rC 0

|~ %b —>I<—%b —_—

b
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15. tan 25° = 20 16. tan 20° = 600
* 50 X
50 - 600 o
x = o 25 X = 20°
tan 25 x tan 20 x
=~ 107.2 feet ~ 1648.5 feet
h h
17. sin 80° = 20 18. tan 33° = Y
20 sin 80° = h h = 125 tan 33 "
201t) |h
h =~ 19.7 feet ~ 81.2 feet T
125
80°
19. h
(@) i 20. an51° =+
y h = 100 tan 51°
X ~ 123.5 feet i
47° 407
N4 50 ft
(b) Let the height of the church = x and the height of the S
church and steeple = y. Then, 0 [
tan 35° = % and tan 47°40" = SyiO
x = 50 tan 35° and y = 50 tan 47°40’
h =y — x = 50(tan 47°40’ — tan 35°).
(¢) h = 19.9 feet
X 75
21. sin34° = —— 22. tan 6 = — 23. (a
s 4000 50 @
— 3 o l
x = 4000 sin 34 6= arctan% ~ 56.3° 22
=~ 2236.8 feet AN
174 1
AV [ ] 7
b an g - 12
4000 N 75 1t (b) tan 6 = 174
125 i
0 (c) 6 = arctan — =~ 35.8
173
50 1t -
The angle of elevation of
the sum is 35.8°.
24. 12,500 + 4000 = 16,500
4000 16,500 mi
- -

1
1
1
|
1
o
1
1

<]
=
5
Il
—
D
[9)
[}
S
W 00! :

_ . 4000 Not drawn to scale :
0= arcs1n(16,500>

0 =~ 14.03°
Angle of depression = « = 90° — 14.03° = 75.97°



Section 4.8 Applications and Models

413

25. 1200 feet + 150 feet — 400 feet = 950 feet

5 miles = 5 mﬂes<w> = 26,400 feet
1 mile
tan 6 = 220
26,400
950
= arct ~ 2.06°
0 = arc aln(26,400)

26. (a) Since the airplane speed is

f f
(275—‘)(603) = 16,500——,
sec min min

after one minute its distance travelled is 16,500 feet.

a
16,500
a = 16,500 sin 18° = 5099 ft

sin 18° =

16500

Not drawn to scale

. o _ X 4 x
27. sin 10.5° = " /\ws/rl
45

X =

in 10.5° = 0.73 mile

28. 0
100x

. I:|12 =
4 miles = 21,120 feet -

12x
100x

Angle of grade: tan 0 =

0 = arctan 0.12 = 6.8°

Change in elevation:

y = 21,120 sin 6
= 21,120 sin(arctan 0.12)
=~ 2516.3 feet

30. (a) Reno is 2472 sin 10° = 429 miles N of Miami.
Reno is 2472 cos 10° = 2434 miles W of Miami.
(b) The return heading is 280°.

280°

_ 10,000
275s

_ 10,000
57 275(sin 18°)

(b) sin 18°

=~ 117.7 seconds

275s 10,000
feet
1g°

29. The plane has traveled 1.5(600) = 900 miles.

sin 38° = gaﬁ —> a = 554 miles north

b
cos 38° = %00 = b = 709 miles east

N
52099
a
38°
w D E

Reno\ 100
W= ami
80°IL - - ___= 7=
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31. N 32. N
w E
1.4°
w 200 E 428
120/ |,
88.6°
20 b
S S Not drawn to scale
5 a . . 428
(a) cos29° = 120 = a =~ 104.95 nautical miles south (a) t = 20 = 21.4 hours

sin 29° = & —> b =~ 58.18 nautical miles west
20+ b 78.18

10405 — 07367

(b) tan 6 =

Bearing: S 36.7°W
Distance: d = /104.952 + 78.182

=~ 130.9 nautical miles from port

33. 6=132°, ¢ = 68°
(@) a=90°— 32° =58°
Bearing from A to C: N 58°E

(b) After 12 hours, the yacht will have traveled
240 nautical miles.

240 sin 1.4° = 5.9 miles E
240 cos 1.4° = 239.9 miles S
(c) Bearing from N is 178.6°.

by B=6=32°
y=90°— ¢ =22°
C=B+y=>54

? tan C = d tan 54°
an C = 50 = tan
d d
= % = d = 68.82 meters
w
S
o d o 45 o - (e} 85

34. tan 14° = — = x = dcot 14 35. tan = — = 6 =563 36. Bearing = 180° + arctan| ——

X 30 160

d d Bearing: N 56.3°' W = 208.0° or 528° W

tan34° = — =
y 30 —x N N
d 1
= — 45 Plane’
30 — d cot 14° Fort . D
30 — dcot 14°
cot 34° = o deot® w Ship E 160
d
d cot 34° = 30 — d cot 14° Y Xiport| 8 E
30

cot 34° + cot 14°
=~ 5.46 kilometers

37. tan 6.5° = % = d =~ 307191 ft

tan 4° = % = D = 5005.23 ft

Distance between ships: D — d = 1933.3 ft

Not drawn to scale
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38. cot55 = % —> d = 7 kilometers

cot 28° = 120 = D = 18.8 kilometers

Distance between towns:
D — d = 18.8 — 7 = 11.8 kilometers

40. tan 2.5° = h h
X 25° 9°
h — 17_”‘,_x_ 17—
= tan 2.5° Not drawn to scale
h
tan 9° =
and =
h
= + 17
T anoe
h h
PR — +
tan 2.5°  tan 9° 17
17 .
h < 1 1 ) =~ 1.025 miles
tan 2.5°  tan 9°
=~ 5410 feet
2. L =2x—y=8 = m =2
1
Ly=x—5y=-4= m2=g
tan @ = ‘ e B
1 + mym,
= arctan| 2™ | — Jrctan (1/5)7_2‘
« 1+ mym, 1+ (1/5)(2)
9
= arctan| = | = 52.1°
arc an<7>
2
oano-2_ 5
a

6 = arctan /2 = 54.7°

39. tan 57° = 4 = x = acot57° Py . Py
X
57° a
a
tan 16° = ———— H 16°
x + (55/6) ~ 30
tan 16° a
an - ¢
acot57° + (55/6)
° 4+
cot 16° = & cot 57° + (55/6)

a

acot 16° — acot 57° = % = a = 3.23 miles

~ 17,054 ft
3 5 3
41.L,:3x—2y:5:>y25x—5:>m]:§
Ly x+y=1=y=—-x+1=m=—-1
tan a = —1-6G/2) |=|_5/2 =5
L+ (=062 =172

o = arctan 5 = 78.7°

43. The diagonal of the base has a length of
V@@ + @ = /2a. Now, we have

a 1
tan = —F= = —=
MO a2
1 a
6 = arctan ——

V2
6 ~ 35.3°. V2a

d
45. si = — d = 14.
sin 36 25 = 69

Length of side: 2d = 29.4 inches

“‘I"'

N
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46. 47. 48. . i
a
15° ‘
35
c=—=175
2
b sin15° = 2
cos 30° = — ©. .
u r a = csin 15° = 17.5 sin 15°
in 30° = — ~
s 25 b = rcos 30° ~ 453
a = 25sin30° = 12.5 . Jr Distance = 2a = 9.06 centimeters
Length of side = 2a = 2(12.5) 2
. 3
= 25 inches y=2b= 2<{r> = J3r
. 12
49 10 50. tan 6 = —
a 18
35° 35° )
10 10 10 10 0= arctang = 0.588 rad =~ 33.7°
b 18
tan 35° = — ==
an 10 cos 6 p
b=10tan35° =7 18
a= =~ 21.6 feet
10 cos 0
cos 35° = —
a 21.6
f=——=10.8 feet
__10 =122 ?
7 cos3se b~ 90 — 33.7 = 56.3°
. 6
sin ¢ = b
6
= — =~ 7.2 feet
sin ¢
c = 10.82 4+ 7.22 = 13 feet
51. d = Owhent =0, a = 4, period = 2 52. Displacementatt = 0is 0 = d = asin wt.
Use d = a sin ot since d = 0 whent = 0. Amplitude: |a| = 3
2
2—7T:2=>w:q-r Period:£:6:>w:7l
w w 3
Thus, d = 4 sin(?). d=3 sin(lt>
3
53. d = 3whent =0, a =3, period = 1.5 54. Displacementatt = 0is 2 = d = a cos wt.
Use d = a cos wt since d = 3 when ¢ = 0. Amplitude: |a| = 2
2 4 2
£=1.5:>w=l Period:£:10:>w:71
w 3 w 5

4 4 _ wt
Thus, d = 3 cos({t) =3 COS(TWI). d=2 COS(?)
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55. d = 4 cos 8mt
(a) Maximum displacement = amplitude = 4

o _ 87
27 2w

= 4 cycles per unit of time

(b) Frequency =

(c) d=4cosd40m =4

T 1
d) 87t =2 = 1= —
) 81 =7 = 1="7¢

1
57. d = Esin 1207t

1
(a) Maximum displacement = amplitude = 16

120
(b) Frequency = L =7
2 2

= 60 cycles per unit of time

1 . .
(c) d= 16sm6007'r—0

1
d) 1207t = t=—
(d) oy T = 120

59. d = asin wt

Frequency = %‘r

w

264 =
6 21T

w = 2m(264) = 5287

1
56. d = ECOS 207t

1 1
(a) Maximum displacement: |a| = H =3
20
(b) Frequency: 23 = TTT = 10 cycles per unit of time
T T

1 1
c)t=5=d= 2coleO7'r~ >
(d) Least positive value for ¢ for which d = 0

1
E cos 207t = 0

cos 207t = 0

207t = arccos 0

T
207t = —
™o
P S
2 20 40
58 d—L in 7927t
nd=0 sin
(2) Maximum displ t~||—‘i—i
a) Maximum displacement: |a o o
792
(b) Frequency: LAl 396 cycles per unit of time
21T 21T

©)t=5=d= 6*14$in(396077) =0

(d) Least positive value for 7 for which d = 0
L 7927t = 0
o sin T

sin 7927t = 0
7927t = arcsin O
192wt = 7

T 1

t=— =
1927 792

60. At = 0, buoy is at its high point = d = a cos wt.

Distance from high to low = 2|a| = 3.5

o] =
a7y

Returns to high point every 10 seconds:

2
Period: T 10 =5 o=
0}

vy

7 Tt
d=— i
4cos 5
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1
61. y =Zcos 161, t > 0

2
(@ (b) Period:
A
(©) lcos 16t = 0 when 161 = T =t = z
4 2 32
B 2 \J3z\/ & '
8
1
62. @ 0 Ll LZ L] + Lz () 6 Ll L2 L1 + L2
2 3 2 3
0.1 - 23.0 0.5 7.6
sin 0.1 | cos 0.1 sin 0.5 | cos 0.5
2 3 2 3
0.6 7.2
0.2 sin0.2 | cos 0.2 13.1 sin 0.6 | cos 0.6
2 3 2 3
0.7 7.0
0.3 sin 0.3 | cos 0.3 99 sin 0.7 | cos 0.7
2 3
0.4 2 3 8.4 0.8 | = 7.1
’ sin 0.4 | cos 0.4 ’ sin 0.8 | cos 0.8

© L=L +L,=

63. (a) and (b)

3
— +
sinf cos 6

Base 1 Base 2 Altitude | Area
8 8 + 16 cos 10° 8sin 10° | 22.1

8 + 16 cos 20° 8sin20° | 42.5

8 8 + 16 cos 30° 8sin30° | 59.7

8 8 + 16 cos 40° 8sin40° | 72.7

8 8 + 16 cos 50° 8sin 50° | 80.5

8 8 + 16 cos 60° 8 sin 60° 83.1

8 8 + 16 cos 70° 8 sin 70° 80.7

The maximum occurs when 6 = 60° and is approximately

83.1 square feet.

The minimum length of the elevator is 7.0 meters.

(d) 12

JARTA
[nl{a]

-12

From the graph, it appears that the minimum length is
7.0 meters, which agrees with the estimate of part (b).

(© A(6) = [8 + (8 + 16 cos 0)] [8 Sizn 0]
= (16 + 16 cos 6)(4 sin 6)
= 64(1 + cos 6)(sin 6)

(d) 100

0 90
0

The maximum of 83.1 square feet occurs when

T
0 =—=60°
3
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64. (a)

Average sales
(in millions of dollars)

2 4 6 8 10 12
Month (1 <> January)

(©) Period: 2™ = 12
C eriod: —— =
/6

This corresponds to the 12 months in a year. Since the

sales of outerwear is seasonal, this is reasonable.

65. False. Since the tower is not exactly vertical, a right
triangle with sides 191 feet and d is not formed.

67. No. N 24° E means 24° east of north.

69. m = 4, passes through (—1, 2) y

¥ =2 = 40— (-1) 7
6

y—2=4+4 5
y=4x+6 A

747372/41* 12 3 4

71. Passes through (—2, 6) and (3, 2)
2—-6 4 y

MT3IT (=2 s

4
y— 6= —3br = (2]

4 8
yT6=5x— 3
*—ix-l-g

YT 5T

(b)

()]

66.

68.

70.

72.

1
a=~(143 - 1.7) = 63
2 15
2 T 12
— =12 b=—
b —7"%

Average sales
(in millions of dollars)
©

Shift: d = 143 — 6.3 =8

t
2 4 6 8 10 12

Month (1 <> January)

S =d + acos bt

S=8+63 cos(%)

Note: Another model is S = 8 + 6.3 sin(% + g)

The model is a good fit.

The amplitude represents the maximum displacement from
average sales of 8 million dollars. Sales are greatest in
December (cold weather + Christmas) and least in June.

False. One period is the time for one complete cycle of
the motion.

Aeronautical bearings are always taken clockwise from
North (rather than the acute angle from a north-south line).

Linear equation m = —3 through (%, 0)
y= —%x +b y
0= 1)+

0=—%+b \

1

b=g e x
-3 -2 -1 2 3

— _1 1 -1

y="x+5 i

. . 1 2
Linear equation through < Y 3> and ( > 3)

_ (1/3) = (=2/3)

T (=1/2) - (1/4)
1
T —3/4
_ 4 T
T3
4 1
R )
4 1
y=T3¥— 3
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Review Exercises for Chapter 4

1. 0 = 0.5 radian

(b) The angle lies in Quadrant II.

(c) Coterminal angles:

117 37
—_— 2=
4 T
37 S5
— 2= -
4 Ty
23
6. 0= —— 7.
0 3
(@) y
23n
3
(b) Quadrant I
23 T
= 4 .
(©) 3 8 3
_2377 = — 177

2. 6 = 4.5 radians

2r

(b) Quadrant I

(©) %T + 27 =
21
9

0= 70°

(@)

o

3

(b) The angle lies in Quadrant II.

(c) Coterminal angles:

(b) The angle lies in Quadrant I.

(c) Coterminal angles:
70° + 360° = 430°

207
9
—ﬂT + 27 = 2£
167 3 3
o 4w 0w
3 7 3
8. 6 = 280°
(a)
280°
\70°
(b) Quadrant IV
(c) 280° + 360° = 640°
280° — 360° = —80°

70° — 360° = —290°
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9. 9= —110° 10. 6 = —405° 11, 480° = 4807 - T2
180°
(a) y (a) y 8w
= — radians
3
/\—405" =~ 8.378 radians
‘Jnm
b drant IV
(b) The angle lies in Quadrant III. (b) Quadran
—405° + 720° = 315°
(c) Coterminal angles: ©
~110° + 360° = 250° —405% + 360° = —45°
—110° — 360° = —470°
o T anoger o _ ., mrad
12. —127.5 180° 2.225 13. —33°45" = —33.75° = —33.75 180°
3w . .
= T radian = —0.589 radian
77\° m Semrad Smrad 180°
14. 196° 77" = (196 + 7) . > =~ 3.443 15. = . ~ 128.571°
60 180 7 7 7rrad
° 180°
16. M 1807 —330.000° 17. —3.5rad = —3.5rad - ~ —200.535°
6 T arrad
180° 1387 237 . 60
18. 5.7 - ~ 326.586° X === o ST
T 19. 138 180 30 radians 20. 60° = 180 radians
23 .
s = rf = 20| —— | = 48.17 inches 60
30 s=rg=11- 18077
ENTI.
5 7 meters
s =~ 11.52 meters
1 .
21. (a) Angular speed = (333)1(?:;% 22. (linear speed) = (angular speed) * (radius)

2 . .
= 66 37 radians per minute

6(66 %77) inches

(b) Linear speed = I minute

= 4007 inches per minute

120 27 .
——— = —— radians

23. 180 3

120° =

1 1 2
A= §r26 = 5(18)2<77T> ~ 339.29 square inches

27 . 1 V3
25. t = 3 corresponds to the point ( > 5 )

= (Sarrad/s) - (13.5 inches)
= 67.57 inches per second
= 212.1 inches per second
=~ 12.05 miles per hour

1 157

— 1p2 = 227 2
24. A 20r 2( 6 >6.5

A = 55.31 square millimeters

37 2 V2
26.t—4,(x,y)—< 2,2>
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27.t = 5?77 corresponds to the point ( \gg ;)

7 301
29. 1t = ?77 corresponds to the point (—f —)

27 2)
smh— - ! cscl_l_ —2
T=y=3 6y
cosh—x—_ﬁ sec 2% = 12
6 2 ° 3
y 1 3 Im
tan— = ="="7="7- Yo Ty
an 6 A 3 co 6 /3
2 ! -
3. 1= _?WcorreSPOHdS to the pOth( 2 2 )
sin(_@) .3 csc( 2*”) ==
7)=y=—3 3)
( 277) 1 ( 277')
cos|—— | =x=—= sec| —— | = 2
3 2 ’
2w\ y 2m === \/§
DER
Ur _ . 37_ 2
33. sin 4 ST
137 S7 !
36. cos(—j) = COS(?) 2
127 1
39. — = ~ 3.2361
SCC( 5 > (127T>
cos| —
5

41. opp = 4,adj = 5, hyp = /4? + 52 = /41

sin0=m=74 274 41 csc0=h£
hyp 41 41 opp
cosﬂzafdjzizs 41 sec 0 = hyipii
hyp 41 41 adj 5
tan(}:ﬂ—ﬁ cot(}—afdj—5
adj 5 opp 4

43. adj = 4, hyp = 8,0pp = /8 — 42 = /48 =43

sin(9=%=74\/§=\/§ csc0=hﬂ=78 =
hyp 8 2 opp 4.3
_ad _4_1 _hyp _8_
cosB—hyp—g > sec 6 adi 1 2
adj 4

tan(9—%=74 3=ﬁ cotf = =3 = =

T adj 4 opp 43

28.

30.

32.

34. cosdm =cos0 =1

37. tan 33 = —75.3130

40.

42.

g (4D
3,3@)’ 2 2

t= 7lcorresponds to the point (ﬂ,ﬂ)
4 272
mn%zy:% csc%=§=ﬂ
cosf=x=§ secir:i:ﬂ
tanz=%=1 cot§=§=l

t = 247 corresponds to the point (1, 0).

. 1.
sin2mr =y =0 csc 27 = — is undefined.

1
cos2m=x=1 sec2m=—=1
X

Y-

tan 27 = " =0 cot2m = ;ﬁis undefined.

1
38. csc 105 = —— oo~ —1.1368
sin<—f) ~ —0.3420
9
adj = 6,0pp = 6
hyp = V6 + 62 = 6.2
_opp_ 6 _ V2 _hyp _6v2 _
sin 6 hyp 6 ﬂ ) csc 6 opp 6 ﬂ
adj 6 2 hyp 62
-9 _ 0 _ =2E_2_ N
cos 6 hyp 6\@ > sec 6 adj 6 2
_opp_6 _ad _6
tan 6 adi 6 1 cot 0 opp 6 1



Review Exercises for Chapter 4

423

44. opp = 5,hyp =9
adj = V92 — 52 =214

g 9oPP _5
sin 6 hyp 9
_adj _2J14
cosﬂfhypfi9
tan0=ﬂ=75 :75 14
adj 2J14 28
csc():ng
opp 5

ecp=typ__9 _9vI4
‘ adj  2/14 28

cot0=afdj=72 14
opp 5
46. tan 6 = 4
1 1
(@) cot § = tan 0 4

(b) sec =1 +tan>0= 1+ 16 =17

(c) cos O = ! = I = 17
sec /17 17
1 17
(d) csc @ = 1 + cot? = 1+E:T
48. csc 0 =5
(a)s1n0=csc0=g

(b) cotd= Jesc2o—1=/25-1=2.6

49. tan 33° = 0.6494

50. csc 11°

1
45. si =—
sin 6 3

1
(a) csc=—">=3
sin 6

(b) sin? @ + cos?2 6 = 1
1 2
<§> +cos? =1

1

cos29=lf§
8
20— 2
cos” 0 9
8
cos O = 9
22
cos 0 =——
3
(c) sec 6 = = 3 :3\/5
cos 2.2 4
@) tan g = SN _ /3 1 V2
cos 0 (2\@)/3 2.2 4
47. csc 6 =4
Co _1
(a)s1n0—csc0—4

(b) sin? @ + cos?0 =1
1 2
(Z) +cos?f=1

1

29— 1 —
cos* =1 16
15
209 — —2
cos” 6 6
15
cos O = 16
V15
cos ) = ——
4
4 415

1
© Seco_cose_,/ls_ 15
sinf _ 1/4 1 V15

cos Ji5/4 J15 15

(d) tan 6 =

_ L1 e
©un b= =2/ 12

(d) sec(90° — §) = csc =5

~ 5.2408 51. sin 34.2° = 0.5621
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52. sec 79.3° = ———— =~ 5.3860 53. cot 15° 14" = S 54. cos 78°11'58” = cos<78 + 11 + iy
) T cos793° 7 ) tan(15 + %) ' 60 3600
=~ 3.6722 = (0.2045
55. sin 1°10" = == 56. tan 52° = 2>
3.5 X
. o1 . 25
x = 3.5sin 1° 10" = 0.07 kilometer or 71.3 meters 25 x = ——— = 19.5 feet
tan 52°
350 .
AM ‘ [ ]
Not drawn to scale x
57. x =12,y = 16, r = /144 + 256 = /400 = 20 58. (x,y) =(3,—4)
. y 4 r 5 r=V3?+(—-4?2=5
sinf ===— csc=—=~—
r 5 y 4
. y 4 r 5
sinf === —— cscf=—=——
x 3 r_ 5 r 5 y 4
cos=—=— sec=—=—
r 5 x 3
x 3 r 5
cosf=—=— sec=—==
y 4 x 3 r 5 x 3
tan @ == = = coth=—=~—
x 3 y 4 4
tan0=X=—f cot0={=—é
X 3 y 4
2 5
59, x = 3,y =3
_ (z) R <§> _ ot
a 3 2 6
Ging=Y = 5/2 __ 15 _15v241 cscg=" = V241/6 _ 2241 _ V241
ro J241/6 /241 241 y 5/2 30 15
cosg_ Y23 4 _avu e g " Y241/6 /2
ro J241/6 /241 241 2/3 4
_y_52_15 _x_23_4
b= =534 ot =1=55" 15
10 2
0. (e = (-1 -2)
(e
3 3 3
sin6=X= —2/3 = - 26 csc(9=£=7(2 26)/3=—\/%
r (2426)/3 26 y =23
cosg_X_ 103 526 wegor (22003 V26
r (2426)/3 26 x  —10/3 5
_Y_~2/3 _1 _x_ —10/3
tan(?—x—_lo/3—5 cot0—y—_2/3—5
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r=J(-05) + (452 = 205=%
4.5 982 r V82/2 /82
sin = = = = — csch=—= - Y =
V82/2 82 y 4.5 9
cosf=~= 05 _ —v82 sec =~ = 82/2 = —-82
V82/2 82 -0.5
4.5 x =05 1
tan 0 =05 -9 coth=—-= 15
62. (x,y) = (0.3,0.4)
r=(03)2+ (04)?2 =05
gy _04 4 _r_05_5_
sin 0 = F T 05 5 0.8 csc 6 vy 04" 1 1.25
x 03 3 r 05 5
COS@—;—g—g—Oﬁ SeCO—;—O.3—§~1.67
_Y_04_4_ _x_03_3_
tan 6 = T 03 3 1.33 cot 0 y 04 4 0.75
63. (x,4x), x > 0
x'=xy' =4x
r= 2 F @) = /T
. vy’ 4x 417 r J17x V17
sin @ = — = = — csec @ = - = - Y
ro J17x 17 y 4 4
X x V1T _r _ NM7x _
costﬁ’frf\/ﬁxfi17 sechx,f . = V17
tan0:yf,:ﬂ:4 cotG:x—/:i:l
X X y 4x
6 ..
64. (x’,y") = (—2x, =3x), x> 0 65. sec § = 5 tan # < 0 = 6 1is in Quadrant IV.
r=J(=2x)?2 + (—3x)? = J/13x r=6,x=5y=—36—-25=—-J11
sin :L/ _ -3 _ 313 sin 0 = 2 L
r J13x 13 r 6
x| —2x 213 x 5
== = = == cosfh=—=—
cos 6 p Tx 3 6
y  —3x 3 _y_ v
=2 = = tan == = ———
tan 6 o “or 2 an N 3
r  JV13x V13 _r_ 6V 11
csch=—= = —— csch=—=——
yoo =3 3 y 11
r J13x V13 6
=— = = - sec = —
sec 0 p “ox 2 5
r_ 5V 11
cot0=x*=ﬁ=z cot = ——

y' —=3x 3 11
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66. csc(?:%,cos(9<0

0 is in Quadrant II.

. _ 12
SlnB_CSCG_3
cos § = —/1 — sin? :—é
tangzsin(iz_Z\/g

cos 0 5
sec 0 = ! =—ﬁ

cos 6 5

1 NG
C0t9_tan0_ 2

68. tan0=§,cos0<0

0 is in Quadrant III.

sec 6 = — 1 + tan’ =—,/1+<%>=—%

cos 0 = = -

sinf=—1—cos?6=—__/ —%:—%

csc 6 = ! = _v4l
sin 0 5

1 4
cotf = tan® 5
g 21

70. sin 0 = i 2,cosB>0

6 is in Quadrant IV.

1
cscO—sinO— -2

COSGZWZ,/I—(%):§

sec O = ! —ﬁ

cos 6 3

_sinf ﬁ

tane_cosO_ 3
1

cot O = =-/3

tan 6

3
67. sin O = g, cos # < 0 = 0 is in Quadrant II.

sin(9—*—g
8
X V55
cosf=—-—=——
r 8
y 3 3./55
tanfh === ———= —————
X V55 55
cscO—§
3
8 855
sec = ———==————
V55 55
V55
cot = ———
3
_{_;2 2 —
69.c0s0—r 5 = y* =21

sin @ > 0 = fisin Quadrantll = y = /21

. V21
sinf == =———
r 5
y 21
tan === ———
an T >
r 5 5V21
csch=—=—F==——
y V21 21
secO—K—i— —é
x =2 2
X -2 221
cotf=—-—=—===——"—
y V21 21

71. 6 = 264°
0’ = 264° — 180° = 84°

y

264°

4R
N
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6 177 187 =«
72. 6= 635° = 720° — 85° 3. 0=-5 Moo= =3"3
6" = 85° 6 4 T
= 4 — — _ Xz
, 5 2 5 61 3
y— _ 4777 — E [ lT
0= 5 5 6 3
635°
.
\
”
17n
, 3
0 . a\ .
1/ N
61 i
5
75. sin— = 2 76. sin— = , 77. sin = sm3 = 2
m_1 COSI:Q (‘,0@(—*7T>=COS7T=l
373 2 T3 2
T 2 T T
tan - = —=——= tan| —— | = —tan— = — /3
an V3 ta 2= Jan an< 3 ) an 3 /3
. 577'7.777\@ . o . O_ﬂ . o _ 1
78. sm( 1 ) =sin =~ 79. sin 495° = sin 45° = 5 80. sin(—150°) = 5
5’7T T \/i o __ o __ ﬁ \/g
— =)= - R cos 495° = —cos 45° = ——— —150°) = — Y2
cos( 2 ) cos 5 ’ cos(—150°) >
tan 495° = —tan 45° = —1 -1/2 /3
tan( — — | = —tan— tan(—150°) = =—
( 4 ) 4 ( ) -V3/2 3

2
T
3
81. sin(—240°) = sin 60° = %
1

cos(—240°) = —cos 60° = 5

tan(—240°) = —tan 60° = — /3

83. sin4 = —0.7568

86. cot(—4.8) = =~ 0.0878

tan(—4.8)

82. sin(315°) = —%
cos(315°) = 72
tan(315°) = _}gé 2__

84. tan 3 = —0.1425 85. sin(—3.2) = 0.0584

12
87. sec(i

5)_m<12w)

=25

7

88. tan( ) ~ 4.3813
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89. y =sinx
Amplitude: 1

Period: 27

92. f(x) =8 cos(—i)

Amplitude: 8

27

Period: m =

8

y

5
95. g(t) = 5 sin(t — )
. 5
Amplitude: >

Period: 27

90. y = cos x
Amplitude: 1

Period: 27

v

93. y =2 + sinx

Shift the graph of y = sin x
two units upward.

96. g(t) = 3cos(t + )
Amplitude: 3

Period: 27

2
91. f(x) =5 singx

Amplitude: 5

2T
Period: — =5
erio 2/5 T

94. y = —4 — cos mx
Amplitude: 1

Period: 2m =2
T

97. y = asin bx

(a) a = 2,
2 1
b —264:>b—528'n'

y = 2 sin(528mx)

1

® =164

= 264 cycles per second.

98. (a) S(r) = 18.09 + 1.41 sin(% + 4.60> (b) Period = 27 _ (2)(6) = 12
/6

22

12 months = 1 year, so this is expected.

f\‘ (c) Amplitude: 1.41
The amplitude represents the maximum change in the time

of sunset from the average time (d = 18.09).
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101. f(x) = cotx

= tan x

99. f(x)

103. f(x) = secx

102. g(r) = 2 cot 2t

Graph y = cos x first.

S
&<
+
~
N
~—
Q
17
o
[ap]
Il
—
=
L b
o 8
S
%nA -
+——+—
— o o
T
.
=
Q
17}
o
Il
—
=
S~
v
=
]

sin x first.

Graph y

27

300

N

SN

-300

ﬂ
&
I
<
xw
=B~
s 2 =
[T A
o 8 2
<
x%w
g T
— £ =
E 3 @
S A <
)
S
—
>
1l|1||LLL|l|\I1
©
ll]lllJLI\lI]k
>
I
-
w
=
=
=
|
N qQ
. 3
m%
x5 3
A
21
e T
—_ & =
B B o«
~ 0O <
=
=)
-

111. arcsin 0.4 = 0.41 radian

)

110. arcsin(—1

R
6

1

—arcsin —
2

)
112. arcsin(0.213) = 0.21 radian

2

109. arcsin(

114. sin~1(0.89) = 1.10 radians

—0.44) = —0.46 radian

113. sin~!(

=a

117. cos~1(—1)

&<

116. arccos(?)

_m
6

V3
2

arccos

115.
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118. cos”(?) = g 119. arccos 0.324 = 1.24 radians 120. arccos(—0.888) =~ 2.66 radians
121. tan !( — 1.5) = —0.98 radian 122. tan~!(8.2) = 1.45 radians
123. f(x) = 2 arcsinx = 2 sin™'(x) 124. y = 3 arccos x

il 3r

L N
~ L

= 0
x x .
125. f(x) = arctan(i) = tan_1<5> 126. f(x) = —arcsin 2x
ﬂ 3
2
-15 1.5
-4 4
T 2
2
127. cos(arctan %) = % 128. Let u = arccos %
Use a right triangle. Let s tan(arccos %) =tanu = ‘3—‘ S
6 = arctan 3 then tan 6 = 3 3 4
and cos 0 = 2.
0 [
4 3
129. sec(arctan %) = ? 130. Letu = arcsin(f%). 5
. . _ 12 .
Use a right trlla;ngle. Let 0 = l:glrctan 5 s/ |, cot [arcsm(—%)] =cotu =—3 u
then tan 6 = 5 and sec 6 = 5.
0 2 -12
5
131. Lety = arccos(%). Then 132. sec(arcsin(x — 1))
/4= 2 6 = arcsin(x — 1) = 7757 <0< g

x x
cosy =7 and tany = tan(arccos<§>> =

* sinf =x — 1
cos = V12— (x —1)2 = /x(2 — x)
secﬁ—;
2 Vx(2 = x)

4 —x?

x-1

Y ]

A

V12— (x—1)?
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70 o_ N
133. tan 0 = 30 134. tan 21° = 25
h
h = 25tan 21° = 9.6 feet
0= arctan<E> =~ 66.8° an e 21°
30 25
. d, ) N
135. sin48° = 650 = d, = 483 A
¢ d, +d,= 1217
o __ d2 —~
cos 25° = m = d, = 734 ) w4 s .
P AR
d 3 d. 1], 863 1dy
cosd8° = —> = d, ~ 435 Vo L pe—c!
650 : Af 6,
d d? — d4 =~ 03 I d|—>|— d)—>1
d
sin25° = —* = d, ~ 342 | v

810

93
t =~ =~ 4.4°
an 0 217 = 0

D
sec44° = —— = D= 1217 sec 4.4° = 1221
1217

The distance is 1221 miles and the bearing is 85.6°.

136. Amplitude: % = 0.75 inches 137. False. The sine or cosine functions 138. True. The inverse sine,
are often useful for modeling y = arcsin x, is defined where
Period: 3 seconds simple harmonic motion. —1 < x<1and
T T

d = acos bt _ESySE'
a=0.75

2
b=3

d =075 cos<?)

139. False. For each 6 there 140. False. The range of arctan is 141. y = 3sinx
corresponds exactly one (_ K E) T . )
value of y. 55 )50 arctan(—1) g Amplitude: 3

Period: 27

Matches graph (d)

142. y = —3 sin x matches graph (a). 143. y = 2 sin mx 144. y = 2sin g matches graph (c).
Period: 2 i :
eriod: 2 Amplitude: 2 Period: 41
Amplitude: 3 Period: 2

Amplitude: 2
Matches graph (b)

145. f(0) = sec 0 is undefined at the zeros of g(#) = cos 6 since sec § = s 0"
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T
146. (a b tan(@ - 7) = —cot 6
@ 0 0.1 0.4 0.7 1.0 1.3 ®) 2
tan<0 - g) —9.9666 | —2.3652 | —1.1872 | —0.6421 | —0.2776
—cot 6 —9.9666 | —2.3652 | —1.1872 | —0.6421 | —0.2776
147. The ranges for the other four trigonometric functions 148. y = Ae ¥ cos bt = 1e~/10 cos 61
are not bounded. For y = tan x and y = cot x, the range . L . .
e - s - (a) A is changed from 5 to 3: The displacement is
is (—oo, 00) . For y = sec x and y = csc x, the range is .
(oo, —1] U[I, o0) increased.
(b) k is changed from TIO to %: The friction damps the
oscillations more rapidly.
(c) bis changed from 6 to 9: The frequency of oscilla-
tion is increased.
149. A = %r20, s =r0

(a) A =3r%0.8) = 04127 > 0
s =r(0.8) =08r,r>0

As rincreases, the area function increases more rapidly.

4

150. Answers will vary.

Problem Solving for Chapter 4

1. (a) 8:57 — 6:45 = 2 hours 12 minutes = 132 minutes

&—Hre olutions
48 4 oo

6= <%>(277) = %T radians or 990°

(b) s = r = 47.25(5.5m) ~ 816.42 feet

3000

3. (a) sin39° = d () tan 63° =
3000 tan 63°
d= LOOO =~ 4767 feet
sin 39 w
(b) tan 39° = 3000
x = 3000 =~ 3705 feet

" tan 39°

(b) A =1(10)26 = 506,60 > 0

s =100,6 > 0
30
A S
0 3
0
2. Gear 1: %(360") =270° = 3%Tradians

Gear 2: %(360") ~ 332.308° =~ 5.80 radians

Gear 3: %(360") ~ 392.727° = 6.85 radians
40 o o Sm .
Gear 4: 32(360) = 450° = > radians

Gear 5: %(360°) ~ 454.737° =~ 7.94 radians

w + 3705

3000

w + 3705
3000 tan 63° — 3705 =~ 2183 feet
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4. (a) AABC, AADE, and AAFG are all similar triangles since they all have the same angles. ZA is part of
all three triangles and /C = ZE = /G = 90°. Thus, /B = /D = LF.

(b) Since the triangles are similar, the ratios of corresponding sides are equal.

BC _ DE _ FG

AB  AD AF

. . opp BC DE FG
h P = i A
(c) Since the ratios hyp  AB _AD _ AF

= sin A it does not matter which triangle is used to calculate sin A.

Any triangle similar to these three triangles could be used to find sin A. The value of sin A would not change.

(d) Since the values of all six trigonometric functions can be found by taking the ratios of the sides of a right triangle,

similar triangles would yield the same values.

5. (a) h(x) = cos®x

3

NAVAVI\VAVIN

h is even.
(b) h(x) = sin’x

3

VAVAVAVAYS

h is even.

7. If we alter the model so that 7 = 1 when r = 0, we can use
either a sine or a cosine model.

1 41 T
a= E[max — min] = 2[101 1] =50

d= %[max + min] = %[101 + 1] =51
b=38mw

For the cosine model we have: 7 = 51 — 50 cos(87r1)

For the sine model we have: & = 51 — 50 sin<87'rt + g)

Notice that we needed the horizontal shift so that the sine
value was one when ¢ = 0.

Another model would be: & = 51 + 50 sin<87'rt + 3777>

Here we wanted the sine value to be 1 when ¢ = 0.

6. Given: fis an even function and g is an odd function.
@  hlx) =[f0P
h(=x) = [f(=0)]
= [f(x)]? since fis even
= h(x)
Thus, £ is an even function.
(b)  h(x) = [gW)P
h(=x) = [g(=x)P
= [—g(x)]? since g is odd
= [g®
= h(x)
Thus, £ is an even function.

Conjecture: The square of either an even function or an
odd function is an even function.

8. P=100 — 20 cos(?t)

(@ 130

27 6 3
= —sec

(b) Period = m = g 4

This is the time between heartbeats.
(c) Amplitude: 20

The blood pressure ranges between 100 — 20 = 80
and 100 + 20 = 120.

(d) Pulse rate = 60 sec/min = 80 beats/min

2 sec/beat

60 _ 15
(e) Period = o1 16 sec

60 64 32

0=/ P T60 2" 15
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2
9. Physical (23 days): P = sin zl;,z >0

Emotional (28 days): E = sin @, t>0

Intellectual (33 days): I = sin

(a)

(b)

(©

28

21t
L

>
33 20

-2

Number of days since birth until September 1, 2006:

t =365 x20 + 5 + 11

—— — —

20 years + leap years + remaining

July days

t = 7348

2

I
7349 7379
E P

-2

+ 31 + 1
— —
+ August days + day in
September

All three drop early in the month, then peak toward the middle of the month, and drop again

toward the latter part of the month.

For September 22, 2006, use t = 7369.

P = 0.631
E = 0.901
I =0.945

10. f(x) = 2 cos 2x + 3 sin 3x

g(x) = 2cos 2x + 3sin4x

(a)

(\,—{\ f\ g/\ﬂ
R

-6

(b) The period of f(x) is 2.

(©)

The period of g(x) is .

h(x) = A cos ax + B sin Bx is periodic since the sine
and cosine functions are periodic.

11. (a) Both graphs have a period of 2 and intersect when
x = 5.35. They should also intersect when
x=535—-2=335and x =535+ 2 =7.35.

(b) The graphs intersect when x = 5.35 — 3(2) = —0.65.

(c) Since 13.35 = 5.35 + 4(2) and —4.65 = 5.35 — 5(2)
the graphs will intersect again at these values. Therefore
f(13.35) = g(—4.65).
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12. (a) f(t — 2c¢) = f(z) is true since this is a two period
horizontal shift.

1 1.
+ =] =fl5t) is :
(b) f(t 2() f<2t> is not true
f <t + lc) is a horizontal translation of f(z).
f<%t) is a doubling of the period of f(1).
© f(l (t + )> —f<lt) is not true
> c > .
f<l (r + c)) = f(lt + 1 c> is a horizontal
2 2 2
translation of f (%t)by half a period.

For example, sin[%(ﬂ' + 277)] #* sin(%w).

¥

X X
. ~x——+T- -
14. arctan x =~ x 3 5 5

(a) 2

\ Py
|

ISIE]

INE]

-2

The graphs are nearly the same for —1 < x < 1.

13.

>

RS

2 ft RN
x>t d >
e—y—>l

sin 6,
sin 6,

= 1.333

(a)

oo S0 ine0° _
sin 6, = 1333~ 1333 =~ (0.6497

0, ~ 40.52°

(b) tan 6, = % = x = 2tan 40.52° = 1.71 feet

tan 6§, = % = y = 2 tan 60° = 3.46 feet

(c) d=y—x=2346 — 1.71 = 1.75 feet

(d) As you more closer to the rock, 6, decreases, which
causes y to decrease, which in turn causes d to

decrease.

" 2 //

The accuracy of the approximation improved slightly by
adding the next term (x°/9).

NIEY
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Chapter 4

1.

11.

13.

15.

17.

19.

Practice Test

Express 350° in radian measure.

. Convert 135° 147 12” to decimal form.
. If cos 0 = %, use the trigonometric identities to find tan 6.

. Solve for x in the figure below.

35
20°

. Evaluate csc 3.92.

Graph y = 3 sin g
Graph y = tan 2x.

Graph y = 2x + sin x, using a graphing calculator.

Evaluate arcsin 1.

4
Evaluate sin<arccos ﬁ)

For Exercises 21-23, solve the right triangle.

21.

B

A=40°% c=12

10.

12.

14.

16.

18.

20.

22. B=6.84° a =213

. Express (577)/9 in degree measure.

. Convert —22.569° to D° M’ S” form.

. Find 6 given sin 6 = 0.9063.

. Find the reference angled’ for 6 = (6m)/5.

Find sec 6 given that 6 lies in Quadrant III and tan 6 = 6.
Graphy = —2 cos(x — ).
Graph y = —csc(x + E)

Graph y = 3x cos x, using a graphing calculator.

Evaluate arctan(—3).

. . . X
Write an algebraic expression for cos(arcsm Z)

23.a=5b=9

24. A 20-foot ladder leans against the side of a barn. Find the height of the top of the ladder if

the angle of elevation of the ladder is 67°.

25. An observer in a lighthouse 250 feet above sea level spots a ship off the shore. If the

angle of depression to the ship is 5°, how far out is the ship?



